
Lecture 5 Curve Fitting and Bias-Variance Decomposition

Key Concepts/Topics of This Lecture
parameter estimate for the linear fitting function fθ⃗ (x ) = a x + b from data
parabolic loss function J (θ⃗ ) = 2−1

∑

[ fθ⃗ (x
(i ))− y (i )]2 and its optimization

goodness of learning model↔ decomposition of bias and variance
penalty term J → J +λg , data and belief in data, avoidance of singularity
normal equation Φ⃗⊤Φ⃗w= Φ⃗⊤y and its stochastic gradient descent search

§5.1 Linear Curve Fitting

Assume that we are given m data points (x (i ), y (i ))with i = 1∼m . The physical or underlying re-
lation between x (i ) and y (i ) is assumed to be linear. A typical example is the relation between velocity
v and acceleration a , given by v = a t .

learning model f~θ(x) = ax + b

noisy measurements︸

︷︷

︸
(x(i), y(i))

ǫ(i) = f~θ(x
(i))− y(i)

FIG. 5.1: Sketch of linear regression. The preliminary error for a data sample x (i ) is defined as the difference
between the model prediction fθ⃗ (x

(i )) and the measurement y (i ).

In practice, due to measurement uncertainties, the observed or experimental relation deviates
from an exact linear form. Nevertheless, linear regression can still be applied to extract the model
parameters from noisy data. We assume a linear model of the form fθ⃗ (x ) = a x +b , where a and b are
parameters to be determined. These parameters are collectively denoted by θ⃗ = (a , b ). To determine
θ⃗ , we minimize the discrepancy between the model prediction fθ⃗ (x

(i )) and the measurement y (i ).
A commonly used measure of error is the squared loss, ( fθ⃗ (x

(i ))− y (i ))2. The quantity fθ⃗ (x
(i ))− y (i )

is referred to as the algebraic distance, which can be either positive or negative (see FIG. 5.1). The
total loss is defined as

J (θ⃗ ) =
1

2

m
∑

i=1

�

fθ⃗ (x
(i ))− y (i )

�2
. (5.1)
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§5.1 Linear Curve Fitting 107

The factor 1/2 is introduced for convenience and does not affect the minimization. Note that J is
a function of θ⃗ , or equivalently of a and b . In Lecture 11, we will revisit the loss function from a
Bayesian perspective.

To determine a and b , we minimize J . Since J is a convex function (similar to the parabola x 2),
the minimization reduces to solving ∂ J /∂ a = 0 and ∂ J /∂ b = 0. These equations yield the optimal
parameters a ∗ and b ∗. Expanding J (θ⃗ ), we obtain

J (θ⃗ ) =
m

2

�

〈x 2〉a 2+ b 2+ 〈y 2〉+2〈x 〉a b −2〈x y 〉a −2〈y 〉b
�

, (5.2)

where the sample averages are defined as [∗5-1∗],

〈x 〉=
1

m

m
∑

i=1

x (i ), 〈y 〉=
1

m

m
∑

i=1

y (i ),

〈x 2〉=
1

m

m
∑

i=1

x (i ),2, 〈y 2〉=
1

m

m
∑

i=1

y (i ),2, 〈x y 〉=
1

m

m
∑

i=1

x (i )y (i ),

(5.3)

(5.4)

which can be computed directly from the data. After straightforward calculations, one finds

a ∗ =
〈x y 〉− 〈x 〉〈y 〉
〈x 2〉− 〈x 〉2

, b ∗ =
〈x 2〉〈y 〉− 〈x 〉〈x y 〉
〈x 2〉− 〈x 〉2

. (5.5)

In particular, if y ∼ x , the numerator of b ∗ satisfies 〈x 〉〈x 2〉− 〈x 2〉〈x 〉= 0.
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FIG. 5.2: Simulated samples, the fitted line a ∗x +b ∗, and the underlying physical model. The number of data
points is m = 50.

The coefficient a ∗ can be rewritten as

a ∗ = cov[x , y ]/var[x ], (5.6)
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§5.1 Linear Curve Fitting 108

and the optimal prediction becomes

y ∗ = E[y ] +
cov[x , y ]

var[x ]
[x −E[x ]] . (5.7)

The mean squared error (MSE) is defined as

∆∗ = E
�

y − y ∗
�2
= var[y ]

�

1−ρ2[x , y ]
�

, (5.8)

whereρ[x , y ]denotes the correlation coefficient. A stronger (absolute) correlation leads to a smaller
MSE, i.e., if |ρ(x , y )|= 1,∆∗ = 0. Conversely, if x and y are uncorrelated,∆∗ = var[y ] and y ∗ = E[y ].

We now illustrate this with a simulation. Suppose the true model is y = 3x , i.e., a = 3 and b = 0.
The data are generated via y (i ) = a ′x (i ), where a ′ = 3±∆, and∆ ∼N (0,σ2) is Gaussian noise. Thus
a ′ =N (3,σ2). We fixσ2 = 0.3 and draw x (i ) ∼Unif[0, 5]. FIG. 5.2 shows the simulated data (m = 50),
the fitted model, and the true model. The learned model a ∗x + b ∗ deviates slightly from the true
model 3x , and in particular b ∗ is not exactly zero.
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FIG. 5.3: k -dependence of a ∗(k , m ), b ∗(k , m ), SEM(a ∗, k , m ), and SEM(b ∗, k , m ), with m = 10 fixed.

Repeating the simulation k times yields k independent estimates of a ∗ and b ∗. Their averages
are

a ∗(k , m )≡
1

k

k
∑

j=1

a ∗,( j ), b ∗(k , m )≡
1

k

k
∑

j=1

b ∗,( j ). (5.9)

As shown in FIG. 5.3, these averages approach the true values as k increases. We also define the
standard error of the mean (SEM) as

SEM(a ∗, k , m ) =

√

√

√

√

1

k

1

k −1

k
∑

j=1

�

a ∗,( j )−a ∗
�2

, SEM(b ∗, k , m ) =

√

√

√

√

1

k

1

k −1

k
∑

j=1

�

b ∗,( j )− b ∗
�2

. (5.10)
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§5.2 Basic Concepts of Learning Algorithms 109

The lower panels of FIG. 5.3 show the dependence of SEM on k (with m = 10 fixed). In the log-log
plot, the overall trend appears approximately linear.

EXERCISE 5-1. Does SEM of a ∗ depend on k via a power law in the log-log plot?

§5.2 Basic Concepts of Learning Algorithms

The linear learning model fθ⃗ (x ) = a x + b is simple and easy to implement. However, it is often
too restrictive to capture more complex features present in real data, such as irregularity and/or non-
linearity (see FIG. 5.4 for an illustration). In such situations, a linear model is generally inadequate,
and more advanced learning techniques are required to describe these nonlinear characteristics.

To proceed, we introduce several fundamental concepts. First, there exists a physical model, de-
noted by fphys(x), where the input x is, in general, a vector. This physical model is unknown a priori
and may be highly complicated. Although the physical model fphys(x) is not directly accessible, it gen-
erates observable data, which inevitably contain measurement noise. We denote the data samples as
(x(i ), y (i )). Due to noise, the observed output satisfies y (i ) ̸= fphys(x(i )) in general. For simplicity, we as-
sume the output is scalar. In addition to the physical model, we introduce a learning model, denoted
by fw(x), where w represents a set of parameters characterizing the model, such as the θ⃗ = (a , b ) in the
linear curve fitting problem. Given a fixed learning model, one can make predictions for each input
x(i ) in the form fw(x(i )). In this framework, the learning model serves as an effective approximation
to the physical model, which is otherwise too complex to handle directly.

In general, the prediction fw(x(i )) differs from the measured output y (i ). The central task in ma-
chine learning and data analysis is therefore to minimize the discrepancy between predictions and
measurements. This naturally leads to the introduction of an error (or cost/loss) function that quan-
tifies this difference.

FIG. 5.4: Sketch of a nonlinear curve fitting problem.

A widely used choice of error function is

J (w) =
1

2

m
∑

i=1

�

fw(x
(i ))− y (i )

�2
, (5.11)
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§5.2 Basic Concepts of Learning Algorithms 110

which represents the sum of squared differences between predictions and measurements. This form
has already been encountered in the linear model (see (5.1)) and is known as the least-squares (LS)
method. As before, J (w) is a function of the model parameters w, rather than of the data (x(i ), y (i )).
Furthermore, model is often simpler than reality, as shown in FIG. 5.5.

FIG. 5.5: Model is often simpler than reality.

The next step is to minimize J (w). Since J (w) is typically a convex function of w, the minimization
reduces to solving∇w J ≡ ∂ J (w)/∂w= 0, or equivalently,

∂ J (w)/∂ w j = 0, j = 0, 1, 2, · · · , n , (5.12)

where the model contains n + 1 parameters, namely w0 through wn . The second derivative of the
loss function with respect to w j is

∂ 2 J

∂ w 2
j

=
∂

∂ w j

∂

∂ w j

�

1

2

m
∑

i=1

�

fw(x
(i ))− y (i )

�2

�

=
m
∑

i=1

�

∂

∂ w j
fw(x

(i ))

�2

+
m
∑

i=1

�

fw(x
(i ))− y (i )

� ∂ 2

∂ w 2
j

fw(x
(i )). (5.13)

If the learning model is linear in the parameters, the second term vanishes at the optimal point,
yielding

∂ 2 J

∂ w 2
j

=
m
∑

i=1

�

∂

∂ w j
fw(x

(i ))

�2

, (5.14)

which is manifestly positive. Even for nonlinear models, one can show that ∂ 2 J /∂ w 2
j > 0, for exam-

ple using the normal equation discussed shortly after in this lecture. It is important to distinguish
between the symbols n and m , which denote the number of model parameters and the number of
data points, respectively.
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For scalar input data (x instead of x), a commonly used and flexible model is the polynomial of
order n , given by

fw(x ) =w0+w1 x +w2 x 2+ · · ·+wn x n =
n
∑

j=0

w j x j , (5.15)

where the parameter set consists of n + 1 coefficients w0 through wn . The process of determining
these parameters from the data (x (i ), y (i )) is referred to as learning from data. Although fw(x ) is non-
linear in the variable x , it remains linear in the parameters w j . For this reason, it is still classified as
a linear model.

§5.3 Trade-off between Bias and Variance

We now study the nonlinear curve fitting problem in detail to illustrate several key aspects of ma-
chine learning, namely how one can “learn from data” and what is actually being learned. According
to Eq. (5.12), the model parameters w0, w1, w2, · · · , wn satisfy the following system of equations,















〈1〉w0+ 〈x 〉w1+ 〈x 2〉w2+ · · ·+ 〈x n 〉wn = 〈y 〉,
〈x 〉w0+ 〈x 2〉w1+ 〈x 3〉w2+ · · ·+ 〈x n+1〉wn = 〈x y 〉,
...,
〈x n 〉w0+ 〈x n+1〉w1+ 〈x n+2〉w2+ · · ·+ 〈x 2n 〉wn = 〈x n y 〉,

(5.16)

where

〈1〉=
1

m

m
∑

i=1

1= 1, 〈x k 〉=
1

m

m
∑

i=1

x (i ),k =
1

m

�

x (1),k + x (2),k + · · ·+ x (m ),k
�

, (5.17)

〈x k y 〉=
1

m

m
∑

i=1

x (i ),k y (i ) =
1

m

�

x (1),k y (1)+ x (2),k y (2)+ · · ·+ x (m ),k y (m )
�

. (5.18)

To see how these equations arise, we explicitly compute

∂ J

∂ w j
=

m
∑

i=1

�

fw(x
(i ))− y (i )

� ∂

∂ w j
fw(x

(i ))

=
m
∑

i=1

fw(x
(i ))x (i ), j −

m
∑

i=1

y (i )x (i ), j

=
m
∑

i=1

n
∑

j ′=0

w j ′x
(i ), j ′+ j −

m
∑

i=1

y (i )x (i ), j

=
n
∑

j ′=0

w j ′

m
∑

i=1

x (i ), j ′+ j −
m
∑

i=1

y (i )x (i ), j

=
n
∑

j ′=0

w j ′〈x j ′+ j 〉− 〈x j y 〉, (5.19)
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and the related equations are obtained by setting this derivative to zero,

n
∑

j ′=0

w j ′〈x j ′+ j 〉= 〈x j y 〉, (5.20)

with j = 0∼ n .
As a special case, for n = 1 (linear fitting), Eq. (5.16) reduces to

〈1〉w0+ 〈x 〉w1 = 〈y 〉, 〈x 〉w0+ 〈x 2〉w1 = 〈x y 〉. (5.21)

Furthermore, Eq. (5.16) can be written in a compact matrix form as Fw=G, where

F=









〈1〉 〈x 〉 · · · 〈x n 〉
〈x 〉 〈x 2〉 · · · 〈x n+1〉

...
...

...
...

〈x n 〉 〈x n+1〉 · · · 〈x 2n 〉









, w=









w0

w1
...

wn









, G=









〈y 〉
〈x y 〉

...
〈x n y 〉









. (5.22)

The matrix F is symmetric, i.e., Fi j = Fj i , which is useful when computing its inverse.
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fphys(x) = sin(2πx)

noisy data, sin(2πx(i)) + a(i)

FIG. 5.6: Data preparation for nonlinear learning model, ℓ= 0.8.

We now construct a concrete example. The physical model is chosen as fphys(x ) = sin(2πx )with
0 ≤ x ≤ 1. We generate m = 10 data points uniformly in this interval, x (i ) = i/9, i = 0, 1, 2, · · · , 9. The
output data are given by y (i ) = sin(2πx (i )) + a (i ), where a (i ) ∼ Unif[−ℓ,ℓ] represents noise. FIG. 5.6
shows both the physical model (dashed line) and the generated data (points). Solving Fw=G yields
the optimal parameters w∗ and the corresponding learning model fw∗ (x ). Results for different values
of n are displayed in FIG. 5.7. Consider first n = 0, where fw(x ) = w0. The optimal parameter is
simply the average of the outputs, w ∗0 = (y

(1)+ y (2)+ · · ·+ y (10))/10. For n = 1, the result reduces to
linear regression.

Several important features can be observed. For small n , the learning curve (blue line) fits the
data poorly. As n increases, the fit improves. In the extreme case n = 9, the model perfectly interpo-
lates the data, i.e., fw(x (i )) = y (i ) for all data points. However, the resulting curve becomes increas-
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FIG. 5.7: Learning processes with different n .

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9

w ∗0 0.19 0.79 0.81 0.23 -0.00 0.10 0.08 0.08 0.08 0.08
w ∗1 ; −1.21 −1.32 8.11 16.93 7.42 13.99 16.69 −9.48 145.11
w ∗2 ; ; 0.11 −24.74 −69.30 10.00 −71.10 −115.61 412.07 −3158
w ∗3 ; ; ; 16.57 88.03 −136.10 212.92 476.91 −3503 28658
w ∗4 ; ; ; ; −35.73 221.18 −453.31 −1199 13815 −137275
w ∗5 ; ; ; ; ; −102.76 497.20 1585 −29673 381953
w ∗6 ; ; ; ; ; ; −199.99 −989.95 35479 −638534
w ∗7 ; ; ; ; ; ; ; 225.70 −22102 631648
w ∗8 ; ; ; ; ; ; ; ; 5582 −340299
w ∗9 ; ; ; ; ; ; ; ; ; 76862

TAB. 5.1: Optimal parameters w ∗
j , j = 0∼ n in different learning models.

ingly irregular, whereas for small n it remains smooth[∗5-2∗]. The smoothness and the strangeness
characterize two important aspects of the learning model: when the learning curve is smoother, we
say it has a smaller variance; when the curve is closer to the measurements, we say it has a smaller
bias. Thus, when n is small, the learning model has a small variance and a large bias, whereas when
n is large, the learning model has a large variance and a small bias. This phenomenon is sometimes
referred to as the “no-free-lunch theorem” [∗5-3∗], in the sense that one cannot obtain a learning
model with both small variance and small bias simultaneously [∗5-4∗]. This is a very general feature
of learning problems in data analysis. The “no-free-lunch theorem” is also commonly referred to as
the bias-variance trade-off or the bias-variance decomposition. The learning model with large n is
highly complex and possesses strong fitting capability for the given data, but it generally has limited
predictive power for new data. Therefore, we often interpret n as the complexity of the model. In
our example, n ≈ 3 ∼ 6 is a reasonable choice. In TAB. 5.1, the optimal parameters w∗j are listed for
models with different values of n . An important feature is that, as the model complexity n increases,
the magnitudes of w ∗j tend to grow. This can be problematic, because the final prediction relies on

the cancellation among large terms w ∗j x j . This phenomenon is referred to as fine-tuning. One of
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the most common approaches to mitigate fine-tuning is to introduce a regularization term into the
model. We will discuss this in the following paragraphs.

EXERCISE 5-2. Derive the expressions for w j ’s in the case of n = 2, 3, write down the explicit form of the
matrix F−1.

EXERCISE 5-3. Prove F could be written as Φ⃗⊤Φ⃗with the element of Φ⃗ given asφ j i =φ j (x (i ))with j = 0∼
n , i = 1∼m , see (5.38).

low bias, low variance low bias, high variance high bias, low variance high bias, high variance

FIG. 5.8: Patterns of bias and variance.

The bias-variance decomposition provides a general understanding of prediction errors. Sup-
pose the true model is fphys(x ) and the observed output is y = fphys(x )+a , where E[a ] = 0 and var[a ]
is fixed. Let the learning model be bf (x ). For a test input x , the mean squared error is

∆= E[( fphys(x ) +a − bf (x ))2]. (5.23)

By expanding this expression, we obtain

∆=E
�

�

fphys(x ) +a − bf (x )
�2�

=E
�

f 2
phys(x ) +a 2+ bf 2(x ) +2a fphys(x )−2a bf (x )−2 fphys(x ) bf (x )

�

=E
�

f 2
phys(x ) +a 2+ bf 2(x )−2 fphys(x ) bf (x )

�

=E
�

a 2
�

+E
�

f 2
phys(x )

�

+E
�

bf 2(x )
�

−2E
�

fphys(x ) bf (x )
�

=E
�

a 2
�

−E2[a ] +E
�

f 2
phys(x )

�

+E
�

bf 2(x )
�

−2E
�

fphys(x ) bf (x )
�

+E2
�

bf (x )
�

−E2
�

bf (x )
�

=var[a ] + f 2
phys(x ) +E

�

bf 2(x )
�

−2 fphys(x )E
�

bf (x )
�

+E2
�

bf (x )
�

−E2
�

bf (x )
�

=var[a ] +E2
�

bf (x )
�

−2 fphys(x )E
�

bf (x )
�

+ f 2
phys(x ) +E

�

bf 2(x )
�

−E2
�

bf (x )
�

=var[a ] +
�

E
�

bf (x )
�

− fphys(x )
�2
+E

�

�

bf (x )−E
�

bf (x )
��2�

, (5.24)

the meaning of each term is clear:

(a) The noise var[a ] could not be reduced once the physical model is fixed.

(b) E[ bf (x )]− fphys(x ) is the bias between the learning model bf (characterized by its mean E[ bf (x )])
and the physical model fphys.

(c) E[[ bf (x )−E[ bf (x )]]2] is the variance of the learning model bf on the testing data.

thus

E
�

�

fphys(x ) +a − bf (x )
�2�

= var[a ] +
�

bias of bf (x )
�2
+variance of bf (x ). (5.25)
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EXERCISE 5-4. The w ∗
0 given in TAB. 5.1 under different n shows similar value. However the value for w ∗

j
with j ≥ 1 changes a lot as n increases. Explain the possible reason.
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training error reasonable model selection

FIG. 5.9: Sketch of the bias-variance decomposition.

The bias-variance decomposition of the learning process provides an explanation for the follow-
ing observation: if the bias of the learning model is small, then the variance is typically large, and vice
versa, since the noise var[a ] is generally a constant once the physical model is fixed. A schematic il-
lustration of this decomposition is shown in FIG. 5.9. In fact, there is no prior reason that the total
error must be decomposed into variance and bias. A natural question then arises: Can both the bias
and the variance be small simultaneously? Questions of this type lie at the core of modern deep
learning theory. For example, in certain model studies, a “double descent” behavior of the predic-
tion error has been observed, indicating that the testing error can become very small even in the
over-parameterized regime [∗5-5∗]. A deeper understanding of modern neural networks remains
an important and exciting open problem. We do not attempt to review the current status here. For
instance, some approaches draw inspiration from physics, such as the renormalization group and
effective field theory, to analyze neural networks [∗5-6∗].

§5.4 Training Error and Testing Error

In order to characterize the bias-variance decomposition in a more qualitative manner, we define
two types of errors, both based on Eq. (5.11). We already have m = 10 data points (denoted as the
training data), and we define the training error per data sample as

etrain ≡
1

2m

m
∑

i=1

�

fw∗ (x
(i ))− y (i )

�2
, (5.26)

where the optimized parameters w∗ are used. For n = 9, the training error etrain becomes zero, since
the learning model can exactly pass through all the training data points.

In addition to the existing training data, one can randomly generate another m ′ data points (dis-
tinct from the training set) according to fphys(x (i

′)) +a (i
′), where both x (i

′) and a (i
′) are random vari-
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FIG. 5.10: Training error etrain, testing error etest and the integration error DE.

ables. We then define the testing error per data sample as

etest ≡
1

2m ′

m ′
∑

i=1

�

fw∗ (x
(i ′))− y (i

′)
�2

. (5.27)

It is reasonable to expect that the testing error for the case n = 9 is larger than that for n = 3. Selecting
a model with a given n is referred to as model selection. A simple strategy for choosing a reasonable
n is to select the learning model with the smallest training error, the smallest testing error, or a total
error defined as a weighted sum of the two, namely,

etotal = hetrain+ (1−h )etest, (5.28)

where 0 ≤ h ≤ 1. Taking h = 1/2 assigns equal weights to the training and testing errors; otherwise,
different weights are assigned.

Another approach to characterize the predictive performance of the learning model is to com-
pute the average (overall) deviation between the physical model fphys(x ) and the learning model
fw(x ). In our example, this leads to the following integration error,

DE =

∫ 1

0

�

� fphys(x )− fw∗ (x )
�

�dx . (5.29)

Although DE correctly measures the deviation of fw∗ (x ) from the physical model, it is of limited prac-
tical use since the exact form of fphys(x ) is generally unknown. In FIG. 5.10, the three types of errors
are plotted as functions of the model complexity, where m ′ = 5 is used. For the present problem, we
find that n ≈ 3∼ 6 provides a reasonable choice.

EXERCISE 5-5. Define the generalized integration error as DE(ν) =
∫

| fphys(x )− fw∗ (x )|νdx , and investigate
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its dependence on n for the polynomial model with ν= 2, 3.

§5.5 Regularization/Penalty Term

As discussed above and shown in FIG. 5.10, if the model complexity n is chosen appropriately,
e.g., n = 3 or n = 4, the learning curve exhibits both low training and testing errors. On the other hand,
if n is very small, e.g., n = 0, the learning model fw∗ (x ) = w ∗0 yields both large training and testing
errors. If n is too large, such as n = 9, the learning model achieves zero training error. However,
the testing error becomes extremely large, indicating that the model has very poor predictive power,
even though it fits the training data perfectly. In addition, in the small-n regime (e.g., n = 0 or n =
1), the learning model fails to capture the structure of the training data, a situation referred to as
under-fitting. In contrast, in the large-n regime (e.g., n = 9), the learning model fits the training data
extremely well but performs poorly on new samples; this situation is known as over-fitting. Both
under-fitting and over-fitting are undesirable. The overall performance of the training and testing
errors is characterized by the prediction error.

We now introduce the regularization method to address the over-fitting problem. In addition to
the original loss function 2−1

∑m
i=1[ fw(x (i ))− y (i )]2, we include an extra term λg (w), namely,

J (w) =
1

2

m
∑

i=1

�

fw(x
(i ))− y (i )

�2
+λg (w), (5.30)

where λ > 0 is a parameter introduced by hand, and g (w) is a positive function of the learning pa-
rameters w. We refer to λg (w) as the regularization term in the loss function J (w). There exist many
different forms of regularization terms, each with its own practical interpretation. Here we adopt the
following form:

λg (w) =
1

2
λw⊤w=

1

2
λ
�

w 2
0 +w 2

1 + · · ·+w 2
n

�

, (5.31)

which is known as the ℓ-2 regularization term [∗5-7∗]. Another important choice is the ℓ-1 regular-
ization, which is often used to promote sparsity in the learning model.

The equations determining the parameters w0, w1, · · · , wn in the presence of the regularization
term can be derived in a similar manner:









〈1〉 〈x 〉 · · · 〈x n 〉
〈x 〉 〈x 2〉 · · · 〈x n+1〉

...
...

...
...

〈x n 〉 〈x n+1〉 · · · 〈x 2n 〉

















w0

w1
...

wn









=









〈y 〉
〈x y 〉

...
〈x n y 〉









−λ









w0

w1
...

wn









, (5.32)

or equivalently,
�

F+λ1⃗
�

w=G, (5.33)

where 1⃗ is the (n + 1)× (n + 1) identity matrix. In the left panel of FIG. 5.11, the effect of the regular-
ization term with λ = 10−12 is illustrated for the 9th-order polynomial learning model. Even such a
tiny value of λ significantly regularizes the learning curve, making its overall behavior smoother. As
λ increases, the curve becomes increasingly smooth. It should be emphasized once again that the
regularization term λg (w) is not encoded in the data itself; rather, it is introduced by hand. In this
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FIG. 5.11: Left: effects of the regularization term with different strengths; right: training/testing error as a
function of λ, here n = 9.

sense, the parameter λ reflects one’s belief in the data: a small λ implies that the data are trusted
more, whereas a large λ indicates less confidence in the data.

A natural question concerns the behavior in the large-λ limit. For example, when λ = 1, the
optimal parameters w ∗j in the n = 9 model are found to be 0.44, −0.28, −0.31, −0.20,−0.10, −0.02,
0.03, 0.06, 0.08 and 0.09, respectively. The limitλ=∞corresponds to the situation where the original
data are completely disregarded, since

λg (w)≫
1

2

m
∑

i=1

�

fw(x
(i ))− y (i )

�2
, (5.34)

and the learning model is approximately reduced to fw(x ) =λg (w). If g (w) =w⊤w, the optimal solu-
tion is simply w∗ ≈ 0⃗.

In the right panel of FIG. 5.11, the training and testing losses for the model with n = 9 are plotted
as functions of lnλ, where the number of testing samples is m ′ = 104. As lnλ → −∞ (i.e., in the
absence of regularization), the training loss approaches zero, since the model perfectly fits the data
for n = 9, while the testing loss remains finite. In the opposite limit lnλ→∞, the learning model
tends to zero, and both the training and testing losses approach constants determined by the data.

EXERCISE 5-6. Change the noise a (i ) to be sampled from the uniform distribution Unif[−ℓ,ℓ] with ℓ a
large number (e.g., 10) in the polynomial learning model, investigate the learning properties. In this case
the noise a (i ) exceeds the physical model sin(2πx (i )) and consequently the measurements y (i ) are almost
characterized by the noise. It tells us that noise has no regular behavior, and thus can not be studied via
learning algorithms.

EXERCISE 5-7. The ℓ-1 norm is defined as |w|1 =
∑n

j=0 |w j |. Explore its geometrical meaning.

EXERCISE 5-8. Write down the equation for w∗ if the regularization term is taken asλ(w2)2, where (w2)2 =
(w 2

0 +w 2
1 + · · ·+w 2

n )
2. What’s about w4 =w 4

0 +w 4
1 + · · ·+w 4

n ? Moreover, what’s about if the regularization term
is λw⊤Tw with T a positive-definite matrix? Investigate the relevant learning properties.
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§5.6 Normal Equation, Weighted Least Squares

Let us discuss the polynomial learning model in more detail. In our polynomial learning model,
fw(x ) =w0+w1 x +w2 x 2+ · · ·+wn x n , which can be rewritten in the form

fw(x ) =w⊤φ⃗(x ) = φ⃗⊤(x )w, w= (w0, w1, w2, · · · , wn )
⊤ , φ⃗(x ) =

�

1, x , x 2, · · · , x n
�⊤

, (5.35)

i.e., w ∈ R(n+1)×1 ≡ Rn+1 is a column vector (a column vector is thin and tall) and its transpose w⊤ ∈
R1×(n+1) is a row vector (a row vector is fat and short). The j th component of the vector φ⃗ is x j with
j = 0∼ n . Denotingφ j (x ) = x j , then

φ⃗(x ) =
�

φ0(x ),φ1(x ), · · · ,φn (x )
�⊤

, φ j (x ) = x j , j = 0∼ n . (5.36)

In the polynomial model, each component φ j (x ) takes the form x j . More generally, however, the
components φ j (x ) are not restricted to this form; for instance, one may choose φ j (x ) = sin( j t x )
with t being a constant. We refer to the functionsφ j (x ) as basis functions.

Adopting the basis function representation, the loss function without a regularization term is
given by

J (w) =
1

2

m
∑

i=1

�

fw(x
(i ))− y (i )

�2
=

1

2

�

Φ⃗w−y
�⊤ �
Φ⃗w−y

�

, fw(x
(i )) =w⊤φ⃗(x (i )), (5.37)

where

Φ⃗=









φ0(x (1)) φ1(x (1)) · · · φn (x (1))
φ0(x (2)) φ1(x (2)) · · · φn (x (2))

...
...

...
...

φ0(x (m )) φ1(x (m )) · · · φn (x (m ))









=









1 φ1(x (1)) · · · φn (x (1))
1 φ1(x (2)) · · · φn (x (2))
...

...
...

...
1 φ1(x (m )) · · · φn (x (m ))









∈Rm×(n+1), (5.38)

and

y=
�

y (1), y (2), · · · , y (m )
�⊤ ∈Rm . (5.39)

Specifically, the derivation proceeds as follows,

m
∑

i=1

�

fw(x
(i ))− y (i )

�2
=
�

fw(x
(1))− y (1)

�2
+ · · ·+

�

fw(x
(m ))− y (m )

�2

=









w0φ0(x
(1)) + · · ·+wnφn (x

(1))
︸ ︷︷ ︸

f w(x (1))− y (1)

...
w0φ0(x

(m )) + · · ·+wnφn (x
(m ))

︸ ︷︷ ︸

f w(x (m ))− y (m )









⊤

×





w0φ0(x (1)) + · · ·+wnφn (x (1))− y (1)

...
w0φ0(x (m )) + · · ·+wnφn (x (m ))− y (m )



 . (5.40)
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We refer to the matrix Φ⃗ as the design matrix, whose entries are given byφ j (x (i )). The derivative
of the loss J (w)with respect to w is given by ∂ J (w)/∂w= Φ⃗⊤Φ⃗w− Φ⃗⊤y. Setting ∂ J (w)/∂w= 0, namely

Φ⃗⊤Φ⃗w= Φ⃗⊤y, (5.41)

one obtains the solution of this normal equation,

w∗ =
�

Φ⃗⊤Φ⃗
�−1
Φ⃗⊤y. (5.42)

After including the regularization term 2−1λw⊤w into the loss function J (w), the optimal solution
becomes

w∗ =
�

Φ⃗⊤Φ⃗+λ1⃗
�−1
Φ⃗⊤y. (5.43)

It should be pointed out that the regularization term introduced into the least-squares formula-
tion plays an important role when the matrix Φ⃗⊤Φ⃗ is singular, i.e., det(Φ⃗⊤Φ⃗) = 0. Choosing a large
λ implies that the influence of the original data is relatively down-weighted. Let us further ana-
lyze the normal equation. Assume that we seek the minimum of the quadratic objective function
K (w) = 2−1w⊤Φ⃗w− y⊤w. The gradient of K (w) is given by Φ⃗w− y. To find the optimal w∗, one needs
to solve Φ⃗w = y. However, in many practical situations, for example, when the number of equa-
tions exceeds the number of unknowns (i.e., the number of rows of Φ⃗ is larger than the number of
columns), this system may have no exact solution. In such cases, the system is over-determined.
This is often related to the situation where det(Φ⃗⊤Φ⃗) = 0 discussed above. Therefore, instead of solv-
ing Φ⃗w= y directly, one typically reformulates the problem as a least-squares optimization problem,
minw(Φ⃗w−y)⊤(Φ⃗w−y). This objective function coincides with J (w), and its solution is obtained from
the normal equation.

EXERCISE 5-9. Prove the following identities which are useful in deriving the normal equation

∂ a⊤b

∂ a
= b,

∂ a⊤Ma

∂ a
= a⊤

�

M+M⊤� , a, b ∈Rd×1 ≡Rd , M ∈Rd×d . (5.44)

Sinceφ0 = 1, without loss of generality the design matrix can also be written as









φ1(x (1)) φ2(x (1)) · · · φn (x (1))
φ1(x (2)) φ2(x (2)) · · · φn (x (2))

...
...

...
...

φ1(x (m )) φ2(x (m )) · · · φn (x (m ))









, (5.45)

where each column forms a vector ϕ⃗ j = (φ j (x (1)), · · · ,φ j (x (m )))⊤ ∈ Rm with j = 1 ∼ n (the distinc-

tion between n and n + 1 is not essential for the following discussion). Each row φ⃗(x (i )) is an n-
dimensional vector. Under the assumption that the model complexity n is smaller than the number
of data points m , the vectors φ⃗(x (i ))span a subspaceS of dimension n . Denote t as an m-dimensional
vector whose i th component is given by fw(x (i )), i.e., t = ( fw(x (1)), · · · , fw(x (m )))⊤. Since t is a linear
combination of the basis vectors ϕ⃗ j , it lies in the n-dimensional subspace. Under this perspective,
the loss function J (w)∼

∑m
i=1[y

(i )− fw(x (i ))]2 = (y (1)− t1)2+ · · ·+(y (m )− tm )2 can be interpreted as the
squared Euclidean distance between y and t. Therefore, solving the least-squares problem amounts
to finding a vector t within the subspace S that minimizes the distance to y, i.e., projecting y onto S .
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We now examine the meaning of the bias parameter w0. By computing the derivative of J (w)with
respect to w0, starting from

J (w) =
1

2

m
∑

i=1



y (i )−w0−
n
∑

j=1

w jφ j (x
(i ))





2

, (5.46)

one obtains the optimal value

w ∗0 = 〈y 〉−
n
∑

j=1

w j 〈φ j 〉, 〈y 〉=
1

m

m
∑

i=1

y (i ), 〈φ j 〉=
1

m

m
∑

i=1

φ j (x
(i )). (5.47)

This result indicates that the bias parameter w0 compensates for the difference between the target
output and the weighted average of the basis functions evaluated on the data samples.

For cases where the data samples x(i ) carry different levels of importance, for example, when some
samples are considered more reliable than others, we can introduce a weighted loss function,

JΘ⃗(w) =
1

2

m
∑

i=1

θ (i )
�

fw(x
(i ))− y (i )

�2
+

1

2
λw⊤w, (5.48)

which leads to the modified normal equation as well as the solution:

�

Φ⃗⊤Θ⃗Φ⃗+λ1⃗
�

w= Φ⃗Θ⃗y→w=
�

Φ⃗⊤Θ⃗Φ⃗+λ1⃗
�−1
Φ⃗Θ⃗y, (5.49)

where Θ⃗ = diag(θ (1), · · · ,θ (m )), with θ (i ) > 0 and
∑m

i=1θ
(i ) = 1.

EXERCISE 5-10. The sigmoid function is often defined asσ(x ) = 1/(1+e −x ). Prove that tanh(x ) = 2σ(2x )−
1. For two learning models,

fw(x ) =w0+
n
∑

j=1

w jσ

� x −ν j

s

�

, fu(x ) = u0+
n
∑

j=1

u j tanh
� x −ν j

2s

�

, (5.50)

determine the relationship between the two sets of parameters w j and u j .

§5.7 Stochastic Gradient Descent (Conceptual)

It is worth noting that the dimension of the matrix Φ⃗⊤Φ⃗ is (n + 1)× (n + 1), i.e., dim Φ⃗⊤Φ⃗ = n + 1,
which is often much smaller than the number of data points m , n+1≪m , making the normal equa-
tion solvable in practice. However, when the model complexity n becomes large, directly inverting
Φ⃗⊤Φ⃗may become computationally prohibitive. In such cases, one typically relies on iterative opti-
mization methods such as gradient descent to find the optimal parameters. In these situations, the
parameters are updated using the gradient of J (w), namely, w ← w− ε(Φ⃗⊤Φ⃗w− Φ⃗⊤y), where ε de-
notes the learning rate (or step size). Since the learning problems discussed in this lecture are based
on polynomial models, closed-form solutions exist via the normal equation. In more general cases
where the basis functions take other forms, closed-form solutions may not exist for the parameters.
In such situations, optimization algorithms must be employed.
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The optimization procedure typically consists of the following steps: (a) initialize the param-
eter w; (b) randomly select a data sample (x (i ), y (i )); (c) update the parameter according to w ←
w−εi∇J (i )(w), where∇J (i )(w) is the gradient associated with the selected sample, given by∇J (i )(w) =
−φ⃗(x (i ))(y (i ) − fw(x (i ))); and (d) repeat the procedure until a termination criterion is satisfied. Here,
data samples are selected stochastically to reduce the computational cost of evaluating the gradi-
ent at each iteration. This procedure is known as stochastic gradient descent (SGD), which plays a
central role in modern large-scale optimization.

EXERCISE 5-11. Use SGD instead of the normal equation to solve the nonlinear curve fitting problem.

EXERCISE 5-12. Denote the set for SGD contain m ′ samples, discuss the relation between the random
error produced by the SGD algorithm and the ratio m ′/m .

EXERCISE 5-13. If on the other hand, n +1∼ n ≫m , i.e., the number of model parameters in the model
is larger than the sample size, are there new features of such problems?

§5.8 Problems for This Lecture

Theoretical
1. In the linear learning model, define the distance from the point (x (i ), y (i )) to the fitting line y =

a x + b as

d (i )⊥ (a , b ) =
�

�a x (i )+ b − y (i )
�

�

Àp

a 2+1 , d (i )x (a , b ) =
�

�a x (i )+ b − y (i )
�

�

�

a . (5.51)

Consequently, the loss functions can be defined as J⊥(a , b ) = 2−1
∑m

i=1 d (i ),2⊥ (a , b ) or Jx(a , b ) =
2−1

∑m
i=1 d (i ),2x (a , b ). Derive the equations for determining the parameters a and b . See FIG. 5.12

for the geometric interpretation of d⊥ and dx. In the regime where a is large, one has d⊥ ≈ dx. Are
the estimators biased or not?

dx

d⊥

x

y

ax
+ b

FIG. 5.12: Sketch of the distances d⊥ and dx.

2. Prove the relation ∂ a⊤X⊤b/∂ X= ba⊤, and

∂ det Y

∂ x
= det Ytr

�

Y−1 ∂ Y

∂ x

�

,
∂ det Y

∂ Y
= det YY−⊤,

∂ ln det Y

∂ Y
= Y−⊤, (5.52)

where capital letters denote matrices.
3. If AB=BA, show A2−B2 = (A+B)(A−B) and A2+B2 =A2+2AB+B2.
4. Let A be a d ×d symmetric matrix, C a k × k symmetric matrix, and B a k ×d matrix. Show that

the following identity, known as the Sherman–Morrison–Woodbury (SMW) relation, holds:

�

A−1+B⊤C−1B
�−1
=A−AB⊤

�

BAB⊤+C
�−1

BA. (5.53)
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FIG. 5.13: Sketch of the Gauss kernel with different ν for each data sample.

5. In the example y = sin(2πx ), the matrix constructed from eight data points is given by

F=























8.00 4.00 2.86 2.29 1.95 1.73 1.57 1.46
4.00 2.86 2.29 1.95 1.73 1.57 1.46 1.37
2.86 2.29 1.95 1.73 1.57 1.46 1.37 1.31
2.29 1.95 1.73 1.57 1.46 1.37 1.31 1.25
1.95 1.73 1.57 1.46 1.37 1.31 1.25 1.21
1.73 1.57 1.46 1.37 1.31 1.25 1.21 1.18
1.57 1.46 1.37 1.31 1.25 1.21 1.18 1.15
1.46 1.37 1.31 1.25 1.21 1.18 1.15 1.12























. (5.54)

What properties does this matrix have? In the general case (i.e., for an arbitrary number of data
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FIG. 5.14: Neural network with three and multiple layers (upper and lower).

points), analyze and discuss the properties of F.
Computational/Programming

6. Apply the gradient descent algorithm to determine the optimal values of the learning parameters
for the loss function (5.51), and compare the results with FIG. 5.2. Discuss whether the predictions
for a and b are biased or unbiased.

7. Consider the following learning model,

J (w) =
1

2

m
∑

i=1





m
∑

j=1

w j G (x (i ), x ( j ))− y (i )





2

+
λ

2
w⊤w, G (x , x ( j )) = exp

�

−(x − x ( j ))2

2ν2

�

, (5.55)

where no w0 term is included. The function G is referred to as the Gaussian kernel. See FIG. 5.13
for a schematic illustration of the Gaussian kernel method, where each data sample may have a
different ν. The data are generated from the model y = sin(πx )/πx +αx +βδ, where α = 0.1 is
fixed and δ ∼Unif[0, 1], and β controls the noise strength. Investigate the learning process using
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SGD under different choices of ε, ν, and λ, with m = 50 fixed. Discuss the limiting behavior as
ν→ 0. Write down the design matrix Φ⃗ for the Gaussian kernel learning model.

8. In the simplest neural network setting, the learning model is given by f ζ⃗a (x) =
∑n

j=1 a jφ(x, ζ⃗ j ),

which is linear in a j (analogous to w j in the main text) and nonlinear in the parameters ζ⃗ j . Here

the sigmoid basis function is adopted: φ(x, ζ⃗) = [1+exp(−γ−x⊤w)]−1, where ζ⃗ consists of w andγ.
The upper panel of FIG. 5.14 illustrates a three-layer neural network, where x(i ) ∈Rd , and each w j ,k

corresponds to the k th component of the input vector x(i ). Only one hidden layer is considered.
The indices are defined as follows: i = 1∼m labels data samples, j = 1∼ n labels the hidden units
(parameters w j ,γ j and coefficients a j ), and k = 1∼ d labels the input dimension. The lower panel
of FIG. 5.14 shows a general multilayer neural network. Using the standard ℓ-2 loss function,

J (w, a ,γ) =
1

2

m
∑

i=1

�

y (i )− f ζ⃗a (x
(i ))
�2
=

1

2

m
∑

i=1

�

y (i )− f w,γ
a (x(i ))

�2
, (5.56)

and defining the error e (i ) for the i th sample as e (i ) = y (i )− f
w,γ

a (x(i )), as well as the basis function

b (i )j = φ(x
(i ), w j ,γ j ), the augmented input vector ex(i ) = (x(i ),⊤, 1)⊤, and the augmented parameter

vector ew j = (w⊤j ,γ j )⊤, prove the following relations,

∂ J (i )

∂ a j
=−φ(x(i ), w j ,γ j )

�

y (i )− f w,γ
a (x(i ))

�

,
∂ J (i )

∂ ew j ,k
=−a j b (i )j

�

1− b (i )j

�

ex (i )k e (i ), (5.57)

where k = 1∼ d+1 in the second expression. Implement the learning procedure using SGD based
on the dataset constructed in the previous problem[∗5-8∗].
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