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Tolman-Oppenheimer-Volkoff equations

matter correction matter-geometry coupling same as Newtonian 87GT,, =R, —2 'g,R
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Newtonian geometry correction § EQUILIBRIUM

matter--geometry corrections: > |

gravity in GR is stronger P
than Newtonian’s R ~ — 19(9?5 — P/E)
GR correction<|

conventionally, one adopts a model for dense

matter, solves the general-relativistic structural

Tolman, PR, 1939; Oppenheimer and Volkoff, PR, 1030 equations, and infers the properties of the matter
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Inverse problem: very difficult
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Method: perturbation around NS center
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length/energy density scale: Q =

~ O(10km) ~ typical NS radius
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IPAD-TOV: Intrinsic and Perturbative Analyses of Dimensionless TOV Equations

d 5 _ EM (1+ P/8)(1+7P/M) d = _ o g
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R £ de dIne
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E=¢/ec ~ 1+ asf® + affi+- - inference algorithms

astrophysical data
heavy ion collision data

transitions, exotic particles

nuclear structure quantities

top-down
(strong-field gravity in GR)

(nuclear model independent)

nuclear model selected
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(double-element expansion) CEFT (XEFT): low-density

x ultimate goal: core/central EOS in NSs bottom-up

(based on model construction)
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core/central EOS

trace anomaly A

sound speed 5

sharp PTs!?
conformality?
maximum NS mass
Newtonian limit

NS binding energy
moments of inertia
tidal deformability

slope of MR curve
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IPAD-TOV: analogy to Apple’s IPAD

English meaning of Apple’s iPad from
Cambridge Dictionary: a brand name for a
tablet (aka, small computer) that is controlled

by touch rather than having a keyboard.

In our IPAD-TOYV approach, certain properties

of supra-dense NS matter governed by the

TOV equations are probed perturbatively

Steven Paul Jobs (2/24/1955-10/5/2011) without using a specific input model EOS.



Extracting central NS EOS via similar idea(s) <520 i

Ofengeim et al., PRD, 2024 Sun and Lattimer, Apd, 2025
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Mass and radius scalings from |IPAD-TOV
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The empirical vertical shape for NS M-R curve

empirical fact: M-R curve for NSs with Mys/Mg = 1.2-2.2 is roughly vertical
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Understanding the slope of NS M-R curve

positive or negative
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Stable NSs have a maximum mass: TOV mass

5o stability condition: s> 0 v

MAXIMUM  MASS causality principle: s < | e NSS — BHS

unrealistic “stiff EOS”: P =~ ¢ 77

Fishbach, Science, 2024

MTOV S_, 3. ZMG) Masses of neutron stars and black holes

Neutron stars and stellar-mass black holes have been observed in electromagnetic events (pulsars, x-ray

binaries, and isolated black holes), as well as with certain gravitational-wave events. The gray band represents
the uncertain mass limit separating neutron stars and black holes. The companion to pulsar PSR J0514-4002E

P = o — is represented by the larger circle, with its 95% uncertainty interval.
Neutron star O Electromagnetic observation
K MLSTE TGS @ Gravitational-wave binary component
VoLUME 32, NUMBER 6 PHYSICAL REVIEW LETTERS |1 FEBRUARY 1974 ..
O.O O ) @ Gravitational-wave merger product
. O
Maximum Mass of a Neutron Star* @ 09

Clifford E. Rhoades, Jr.,t and Remo Ruffini
Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08540

(Received 30 October 1972)

On the basis of Einstein’s theory of relativity, the principle of causality, and Le Cha-
telier’s principle, it is here established that the maximum mass of the equilibrium con-
figuration of a neutron star cannot be larger than 3.2M. The extremal principle given
here applies as well when the equation of state of matter is unknown in a limited range of
densities., The absolute maximum mass of a neutron star provides a decisive method of
observationally distinguishing neutron stars from black holes,

12 Mass (solar masses)



Existence of TOV mass: the physical intuition

X < 0.374 upper bounded
o | X 3/2 Y_|_ .
Ll et ' \/a:(|+3x2+4x) > €~ Mys
Y_

(2) stability condition: dMygs/de. > 0 — ¢, increases with Mys

€ 21.71
€0 ~ (MNs/M@ ‘|‘008)2

=Y, < R_
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Y = e./¢e0
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ﬂ: M
2 ~ (Mys/Mg)
®
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Z K
3 .7
g,._l; I inverted Y_ > Y.
ﬁ < no such stable NSs
o -
) Y, 5

Mnys/Mg

strange??
~ 150 MeV/fm’ :
13

T

~ massive NSs : Myg/ Mg > 2
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Summary of my talk

(1) EOS of NS cores directly from mass/radius observations, e.g., P/ < 0.374

(2) empirical “vertical” shape of M-R curve <> linear growth of Myg ~ €.

(3) self-gravitating + stability condition -+ Mtoy/M ~ 2.28 + 0.28

Thank yeu fer yeur attentionl

15



Stellar radius scaling: dimensional analysis

dP GMe .
— = ; y P~ Grie? sinceM ~ er’ — R ~
dr r
|
Newtonian gravity o ¢ = P/e ~ dimensionless
as energy density increases:
y (1) radius decreases; (2) while mass increases
NS

Densest Matter <+ Largest £ = Mys/R

Oppenheimer-Volkoff limit

**core of NSs at the TOV configuration contains

R the densest visible matter existing in our universe
16
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PDF
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. | _ | 1 (1) low=density nuclear many-body theories
| | |
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E ci<1/3

constrained

(2) pQCD at extremely high densities

—
-
1:‘.:.
'I"I"'I'll

(3) observational data (GW170817, NICER, ...)

(4) heavy-ion collision data

p [MeV /fm?]
2

(5) inference algorithms (Bayesian, ML)

101 l
“nuclear

{1  (6) others
100 It-hE'ffl'}-" e | N . o
10° 10°

e [MeV /fm?]

Altiparmak et al., ApJL, 2022

T=0:EOS — P=P(c)
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s “pressure<energy density” sufficient?

speed of light is the upper limit of any signal (special relativity/causality):
s2:dP/d5§ | & P<¢

(1) Can strong-field gravity
in General Relativity (GR)
tell us a more refined
upper limit on P/c?

(2) What's this upper limit?

19
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Novel Scalings of Neutron Star Properties from Analyzing
Dimensionless Tolman-Oppenheimer-Volkoff Equations
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*Corresponding author(s). E-mail(s): bjcai87(@gmail.com; Bao-An.Lil@tamuc.edu;

Abstract

The Tolman—Oppenheimer—Volkoff [TOV) quations govern the radial evolution of pressure and energy density in
static neutron stars (NSs) in hydrodynamical equilibrium. Using the reduced pressure and energy density with
respect fo the NS central energy density, the original TOV equations can be recast into dimensionless forms. While
the traditionally used integral approach for solving the original TOV equations require an input nuclear Equation
of State (EOS), the dimensionless TOV equations can be anatomized by using the reduced pressure and energy
density as polynomials of the reduced radial coordinate without using any input nuclear EOS. It has been shown
in several of our recent works that interesting and novel perspectives about N5 core EOS can be extracted directly
from NS observables by using the latter approach. Our approach is based on intrinsic and perturbative analyses of
the dimensionless (IPAD) TOV equations (IPAD-TOV). In this review article, we first discuss the length and energy
density scales of NSs as well as the dimensionless TOV equations for scaled variables and their perturbative solutions
near N5 cores. We then review several new insights into NS physics gained from solving perturbatively the scaled
TOV equations. Whenever appropriate, comparisons with the traditional approach from solving the original TOV
equations will be made. [n particular, we first show that the nonlinearity of the TOV equations basically excludes
a linear EOS for dense matter in NS cores. We then show that perturbative analyses of the scaled TOV equations
enable us to reveal novel scalings of the NS mass, radius and the compactness with certain combinations of the N5
central pressure and energy density. Thus, observational data on either mass, radius or compaciness can be used
to constrain directly the core EOS of NS matter independent of the still very uncertain nuclear EOS models. As
examples, the EOS of the densest visible matter in our Universe before the most massive neutron stars collapse into
black holes (BHs) as well as the central EOS of a canonical or a 2.1 solar mass NS are extracted without using any
nuclear EOS model. In addition, we show that causality in N5s sets an upper bound of about (L3574 for the ratio of
pressure over energy density and correspondingly a lower limit for trace anomaly in supra-dense matter. We also
demonstrate that the strong-field gravity plays a fundamental role in extruding a peak in the density/radius profile
of the speed of sound squared (SSS) in massive NS cores independent of the nuclear EOS. Finally, some future
perspectives of NS research using the new approach reviewed here by solving perturbatively the dimensionless
TOV equations are outlined.

Keywords: Equation of Stale, Nuclear Symmetry Energy, Neutron Slar, Supra-dense Matter, Tolman—Oppenheimer—Volkoff
Equations, Self-gravitating, Principle of Causality, Compactness, Stiffness, Polytropic Index, Speed of Sound, Dimensionless
Trace Anomaly, Peaked Structure, pOQCD Conformal Limit, Newtonian Limit, Mass-radius Relation, Causality Boundary,
Strong-field Gravity, Maximum-mass Configuration, Ratio of Pressure over Energy Density, Upper/Lower Bounds
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a X-ray bursts are among the brightest stellar objects frequently observed
T 14 L in the sky by space-based telescopes. Atype-1 X-rayburstis understood asa
a:‘ ' violent thermonuclear explosion on the surface of a neutron star, accreting
S

o

I matter from a companion star in a binary system. The bursts are powered
———————— L]ndb]{}m’ l 984 Updated by a nuclear reaction sequence known as the rapid proton capture process
a5 (rp process), which involves hundreds of exotic neutron-deficient nuclides.
Zhou et al., 2023

At so-called waiting-point nuclides, the process stalls until a slower " decay

. enables a bypass. One of the handful of rp process waiting-point nuclides is
DO PSR J0740+6620
{ PSR J0030+0451

13 **Ge, which plays a decisive role in matter flow and therefore the produced
125 |- :
& EXO 1745-248 e

X-ray flux. Here we report precision measurements of the masses of “'Ge,
#8545 and *’Se—the relevant nuclear masses around the waiting-point “*Ge—
and use them as inputs for X-ray burst model calculations. We obtain the X-ray
burst light curve to constrain the neutron-star compactness, and suggest that
0 . . . | | the distance to the X-ray burster G51826-24 needs to be increased by about

. 1.2 ! ' ' ' 6.5% to match astronomical observations. The nucleosynthesis results affect

%.0 02 04 0.6 0 8 1 ‘0 5.6 5.8 6.0 6.2 6.4 thethermalstructure of accreting neutron stars, which will subsequently

2 d P d Distance (kpc) modify the calculations of associated observables.

S = c/ Ec an Zhou et al., Nat. Phys., 2023

Redshift, (1 + 2)
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