Lecture |10

Large-scale Matrix Computations and 3D Reconstruction
Bao-Jun Cai, 5/6/2026

Topics of this lecture:

o depth and disparity y = fb/x + n

e epipolar constraint and fundamental matrix (x'|F|x) = x''Fx =0

e least-squares revisited “miny | Af ||2”~“Af = 0"

e triangulation and re-projection error e(X Z;—I rH(X), = |lgs — X||?
e 3D reconstruction and SLAM (X?, ¢;)) — x"

e bundle adjustment JTJ§5=J"¢



Example: depth from disparity
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3D reconstruction from 2D images is the

central issue of computer vision; which is
somewhat from computer graphics tasks.

u ¥ u-v ~ disparity
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Posterior, EKF ...

MAP estimate Xp,p = arg minJ(x)
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Epipolar geometry % 3D paint

x = PX, P = K[R|t]

S X = P*x
image plane .

epipolar plane =« ,
=X XX

ef

7_’-’1\ o+ _ I A\AND/'D+
¢ =(P'c)x(P'P"x)=(P'c)" (PP x)

image plane

define / = Fx (x < /) - F = ¢"P'P*
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F=fundamental matrix: {x < x'0}
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How to calculate the fundamental matrix?

X x
<0 5 x/0) . X = )If , X = );’
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/-point algorithm, algebraic distance

(x(i)x’(i),x(i)y’(i), ﬁx(i),y(i)x'(i),y(i)y’(i), gy(f)’ fx'(i), gy’(f), 52) f=0,i=1~m
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comments:

f* = argmin, | Af||> <> subject to f'f = |

5 /2
(1) F is homogeneous: ||F||; = (Z ﬁz) = |

i=1

(2) no exact solution because rank(A) =9

min |Af||* <> smallest eigenvalue X of ATA

(3) epipolar constraint — det F = 0

Ex.:Are they equivalent?




Some improvements

weighted LS:
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geometrical distance:
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requirement of det F = 0:
*xF' using algebraic/geometrical distance
*SVD of F' in the form:
F = Udiag(o,0,,03)V'
o) > 02 > 03, U and V orthogonal

xcorrect F as:

' 0| 02 T
F < Udia , 0V
g(\/02 v a? )
a* = 0,2 —i—a%



Quiz 3:5/6/2026

Quiz 3.1:
Explain the relationship between MAP/ML estimate and the LS, write down relevant expressions.

Quiz 3.2:
For 1D random walk, x, = x| + wy and y, = x¢ + n, write down the Kalman filter equations.

Quiz 3.3:
If '’ = Hx, write down the expressions for H, here x’ = (x¥,y, )" and x = (x,y, |) are images.

@| —> (b) < (c) Q
(d) (e) (f)
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Triangulation and re-projection error

fundamental matrix F':

X, X, = argming

some distance
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More cameras and more 3D points

- Ny e =\ 2
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Numerical example

00
3,000 ———1 T L o
L -2
i o left . 10
2,000 @ right d « 4
r o ] = 10
. L o t_:-— -6
- L 4
. 1,000: . -S *elg g. 10
2 of % ‘-.&} o oD = 10
s E o« <y g \‘ ' E
= o O o Ml NS 107
1,000 F . o o ®° ;
L PYON ® ] 10°
-2,000 F 5 10™
L exact L 4
_3!000 TR S E R N A B S B A AT AT A A
-3,000 -2,000 -1,000 0 1,000 2,000 3,000
X (pixel)
10°
-2
3,000 [ 10
» o~ -4
2,000 - > - -3 °
- = =
R right . ° o
1,000 e N 1 =
? . o ‘CyQ ?’4 .o o . <y
X oF ® e (" u‘ @] 3
g 7 t‘“(t % :
> L et W e .
-1,000 o ® -
[ @ ] [ ]
L [ ]
-2,000 o B
 rand = U[-30,30] in pixels ]
_3!000 Covv v by v v v b vy v by v v by v by oy 0
-3,000 -2,000 -1,000 0 1,000 2,000 3,000

X (pixel)

10°
107
10*
10°
10°
10
10"
10"

T T Ty

e R
reprojection distance

m=500
“rand = U[-40,40]
\"‘/

1=

[T

}H ol ool v oo oo ool 3ol o 3 oo 3ol oo 0

40

60
iteration step

ey
[=]
[=]

T
W o

T
Ll g

- Tk‘f.‘_,

m=500

rand = U[-40,40]
1 | 1.1 1 1 1

M TR B

L
' reprojection distance

W

4

6

40
iteration step

11

60

100

9
. : 2
e(iteration step) = E (s — flast)”,
i=1

0 0 —1/v/20
0 3/v/20

F=| o
1/¥/20 —3/v/20 0

—0.000358 —0.009160 —0.241458
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Localization and tracking

camera
imagek — 1 puy’

camera image k

X ~ dap

A

focal length ~ f
image plane
right pinhole

u M u-v ~ disparity




Reconstruction and dat

training loss

SAGD
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real motion

fast/accurate algorithm

- uncertain ¢; and xi(')

3d reconstruction

 uncertain X® and xi(i)

motion determination

+ parts of X® /xj(i) known

SLAM



Example: multiple IMU optimization
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*Solution of normal equation

«normal equation J'J§ = JT€ — J "5,/ J8 = JT £ €(with measurement uncertainty)
OM a’M‘)

xprediction for measurement M = f(P), P = (aT, bT)T , Jacobian J = (A, B) = (8&: b
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(U W)(iﬁ)_()u ATSIA, W=ATS'B, V=BT5B

€b

(U-WV W5, =6 -WV'g, Vi, =& - W'5,
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*Bundle adjustment (BA)
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Ex.: # of parameter?



SLAM and approximated Hessian

Ex.: Explain why? -
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