Lecture |12

High Dimensional Geometry, SVD and Best-Fit Subspace
Bao-Jun Cai, 5/20/2026

Topics of this lecture:
* volume of ball in high dimensions Vol(B((I — €)R))/Vol(B(R))

e law of large numbers P(|m™" an_. x — E[x]| > €) < var[x]/mée?

(1—¢)°

* random projection theorem, Johnson-Lindernstrauss lemma
e singular-value decomposition A = ULV " G
* largest variance, best-fit subspace, effective approximation A ~ Z ajujujT

* MNIST dataset “small” y ~ “large” x =
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Circle, sphere, ...

volume: V = 47TR3/3 volume: V = mR? volume: V = 2R
surface: S = 47R? surface: S = 27R surface: S = 2
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“Sphere” in d dimensions

Ex.: what is the expression for

X4+ -4+ x2=R? volume of the d-dimensional sphere?
| T X3 d =
279/2Rd oVol(d) d
1 — ~J Rd f — = — ]_
— Vol(d) (d/2) — Suf(d) IR RVO (d)
o Suf(d) _d
11 — — 0
; curse of dimensionality!
/ e dt
[\ [(1/2) = v/, T(1) = 1, T(3/2) = v/7/2, T(2) = 1, T(5/2) = 3/ /4,- -
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Theorem of annulus
B : radius R; B’ :radius R' = (1 —¢)R

annulus of width 1/d

Vol(B')

Volp) — (| mo <

Ex.: prove that (1 —¢)! < e
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Law of large numbers

(1) 2) 4 ...
Prob(x XU

m

proof:
Markov inequality
+Chebyshev inequality

Markov: P(x > a) < E[x]/a, x> 0
Chebyshev: P(|x — E[x]| > ¢) < var[x]/c



Two random vectors in dimensions d

x,y € RY X, y; ~ N(0, 1) d

d E[x?] = ZE
distance =|x — y|* = Z(x,— —v)? i=1

i=I1

(Eb¢] + Ely;] — 2E[x]Ely])

1M 1P

(var|x| + varly| — 2E|x|Ely;]) = 2d

x —y|* = [x|* + [y[



Simulation for vectors in high-D
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How to understand the result!?

A. Blum, J. Hopcroft, and R. Kannan, Foundations of Data Science, Cambridge, 2020.
1 Vd

Nearly all the volume

<— Vertex of hypercube

one can show that most of the volume of the unit ball in high dimensions

is concentrated near its “equator”, for for any unit-length vector a
defining the “north pole”, most of the volume of the unit ball lies in the
thin slab of points whose inner product with a has magnitude O(d*{-1/2})
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Generate uniform random samples on surface/volume

2
._|_xd

, X; ~ Box-Muller

"

|

[ ]
projection

projection

extraregion



Random projection theorem

al) e Ry i=1~s, aj-(i) ~ N(0, 1)
RIS R :f(b)=(al - b,---,a® . b)T

£(b)| ~ V/s[b| : Prob (|[f(b)| — vs|bl| > ev/5|b]) < 37, ¢ >0
m\ _.o 6. m
Prob~|—2(2)e #s2 7 n—

(1 —e)v/s|a —al| < [f(@?) — £(@aP)| < (I +¢)v/s|a®) —al

Johnson-Lindernstrauss lemma
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Singular-value-decomposition (SVD)

d unknowns, m equations

Ax =b, A € R™*¢

af”x. + agl)xz + -+ a((,')xd =b,

a$2)x| + agz)xz + -+ agz)xd =b,

Ggm)X| + Ggm)X2 + -+ agm)xd =b,,
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SVD of A
g 202+ 20y
A=TUxV'

U € R™¢ 3 ¢ R¥*I VvV ¢ R

d
aj(') = Z ok Ui Vik
k=|




Another motivation for SVD
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small” y =~ x!

¢
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X € R28><28 ~ R784 ~ Rb



Best-fit subspace

d
square: A = T
9 ) o | i B
=1 separable of SVs

O 2022+ 2045044 = = 0y

A= E O’jUjU-T

d.g could be far smaller than d j=I
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Geometric meaning of best-fit subspace

(0

V| = argmaxiy|_ |Av|?

V) = argmaxy |y, y|=| |AV|2

viliv

T projection

|Av|?
N

a?)’z + ag)’z + -+ ag)’z — [length of projection]2
14

distance of point to line]?



Directions with largest variance

definition:

for x € R®, define the first s principle components
y's such that varly,| > var|y,] - - - > varly|

direction with second largest variance 8
T T b
yi=u, x, uu =1,u €R
X T
u) = argmaxj, _varju x|
Ex.: find out u, and generally u; P

direction with largest variance
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St

y

racking principal components

2
— . ERS,U:(U|,U2,"',US)ERbXS
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XXT =~ %,

~ | < . |
S o= LN xOx0T =
s

16



An optimization problem for reconstruction

min Y |xO - Uy?|%, Y y? =0

UTU:IS,{y(i)} - \ -

reconstruction of x¥

m
original data . . .
min E |x) —UUTx0)2
b UTUZIS i— |
=
error Z o}
. Ex.: SVD of XX' is necessary, why?
i=s+ |
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Notations for image application(s)
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Sis and correctness

10" 2
10"
105
—
T 107
< 100+
10 »1
X |
< 90-5 i \ ) .
107 i ‘ . ‘ . . . . . Q i ]' ?'h':" Rl h-fd‘ r'! v ‘L’""\ Jtl ,f.r'\'i,\r; {
0 20 40 60 80 100 120 140 160 180 200 gs 1 RO
S :
! — 0 —=5
! ——— 1 — 26
801 5 =k g
: — 3 8
| 4 — 9
75+

0 20 40 60 80 100 120 140 160 180 200

19



Correlation(s)

9
sum rule for each row ZP"“’ = |
k'=0
0 0 0
1 1 1
2 2 2
3 3 3
4 4 4
5 5 5
6 6 6
7 7 7
8 8 8 ]
9 9 9
01234567289 0123456 7289 01234546 7289
s=5 s=40 s=100
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iscovered by PCA

Feature(s) d
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Application: whitening & SPCA*

xW  x0 — 7 x0 « vTxO, xj(") «—x9/g;, xV  vx¥

4 0.4 0.4

sparse PCA (SPCA):

B) = argmin, g

3 |Ix@ — ABTXOF £ AN 1812+ Y NI
| =] j=1 j=I |
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