Lecture |14

Fast Fourier Transform for Data Processing
Bao-Jun Cai, 6/3/2026

Topics of this lecture:

Fourier series for approximating functions » _harmonics <+ f(x)
Fourier transform using complex variables f{x) = Z,- g™/t
solving partial differential equations 9*n(x,t)/0x* = D~'dn(x,t)/ot

sampling, aliasing, Nyquist frequency, Shannon theorem hys(t) =A Y~ s o Al D)

= 7(t — nA)
discrete Fourier transform (FFT) H;°¢°*°°°° = h,

Fast Fourier transform using divide-and-conquer ~ O(Nlog N)
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Motivation: review of Fourier series
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signal and system problems



Widely used in signals and systems

DISCRETE-TIME SIGNAL PROCESSING




Quick review of complex variable: y
z = re"” 2
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Ex.: find the roots of XN = | in complex domain. | .
Ex.: show (n/m)[l + n’x*]~" is a § function approximation. (5(1;) — 2— / e“tdw
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Fourier series of continuous function
ITX , ITXx
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example: f(x) = x
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Ex.: what is the expansion?
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Fourier transform using exponential

) — ,-ioﬁexp (\/—;“7”‘) _ iif}exp (hﬂx- 2%)

lf<—>H,fo,f}<—>h(t),i<—>t

Hf) = / h(t)e™ Tt h(t) = / H(f)e 2™ "Thgf

Ex.: write the FT pair h(t) and H(w). t:time; f=1/T = 27w : frequency
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FT: solving differential equations

0*n(x,t) | On(x,t)
Ox2 D Ot

diffusion equation:

w1 = / Ak, £)eFdk
1 dn(k,t)

— (ik)%n(k, t) = 5o k) = Fio(k)e DKt




Sampling rate, Nyquist critical frequency
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h,=h(nA), n=---,-2 —1,0,1,2,--- — Nyquist frequency: f. = —
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Aliasing
If we sample a continuous function that is not (b) H(f)
bandwidth limited to less than the Nyquist critical

frequency, something will happen. In that case it turns
out that all of the power spectral density that lies

outside of the frequency -fc~fc is spuriously moved
into that range. This phenomenon is called aliasing.
Any frequency component outside of the frequency
range -fc~fc is aliased, namely falsely translated into
that range by the very act of discrete sampling.

aliased Fourier transform

(c) H(f) —
= | true Fourier transform
A > 2fmax AV
\ aliasing
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Whittaker-Shannon reconstruction
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Example of Whitt

raker-Shannon reconstruction
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Convolution and correlation

o(t) = h(t) % k(t) — ] dh(t)k(t — t)
convolution theorem

G(f) = /_ : g(t)e’™"dt = f_ : f_ : dtdt'h(t )k(t — t )e?™ ™"

_ / f dt'deh( k(e )+ — HPK(f), t— ¥ = ¢

h(t) > k

> g(t)

Ex.: correlation, ¢(t) = / dth(t)g(t+ 1), & ' l::i."‘_ ' Kﬁf‘:iL
Show C(f) = G(f)H(—f), what happens if g and h are real? v
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Discrete Fourier transform (DFT): notations
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Discrete Fourier transform: divide-and-conquer

N—| N—|
H, = Z he* /N — Z Wrhy, W = ™/
k=0 k=0
HEOGGGO oee — hn
N—I N/2—I N/2—I
H, =Z e2mik/Np, — Z &2k ()/Np, Z e2mkHO)/Np,.
N/2—1 N/2—I
_ Z &2/ (N2, | W Z 2/ (N/Dp | = HE + WKHY
j=0 j=0

T(N) = 2T(N/2) + O(N) — T(N) ~ O(NlogN)
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Which hk to which “e” or“o” ?
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eee eeo coe €oo oee
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FFT circuit
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Algorithm for FFT (implementation)

step (a) Bit-reverse theinputh=_(hy, hy,- -, hy_1).
step (b) Fors=1...logN:
n— 25, W, — g2min,
Fork=0...N—1byn:
w—1.
For j=0...n/2—1:
U— Ohgyjans2, Ve Ry j.

By j —V+U Ry jingn —v—u.
we—wW,.

step (c) Returnh.

Ex.: Can you use FFT to multiply two polynomials?
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~ O(NlogN)
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Why FFT is so important!? (from ChatGPT)

A Cornerstone of Modern Scientific Computing Ff

¢ Converts complex signals and data into their frequency components.

¢ Enables efficient analysis of large-scale datasets.

e Forms the foundation of modern signal and image processing. “
e Essential for communications technologies, including Wi-Fi, 5G, radar, and GPS.

® Widely used in physics, astronomy, fluid dynamics, quantum mechanics, and machine learning.
¢ Accelerates numerical simulations and the solution of differential equations.

e Makes real-time processing of audio, video, and sensor data possible.

® Regarded as one of the most influential algorithms of the 20th century.

James Cooley &John Tukey, 1965
Key Impact

FFT transformed Fourier analysis from a theoretical tool into a practical computational technology,

enabling many of the scientific discoveries and digital technologies we rely on today.
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