Lecture 2

Perturbative Calculations and Numerical Calculus
Bao-Jun Cai, 3/10/2026

Topics of this lecture:

e Taylor’s expansion of a function: polynomials — f{x)
e numerical derivative and integration / - Z

e estimate pi: hitting and counting

e Buffon’s needle experiment 7 ~ certain probability

e random walk: first glimpse R ~ v/N
o gradient and Hessian g = 9f/9x, H = &*f/0x0xX"
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Taylor’s expansion of a function: simplicity of polynomial

flx) = f(xo) + f (x0)0x If’(xo)fsxz | El’fm("ﬂ)fi"3 T & Z %f(j)(xo)fsxi , 0OX =X — Xo

2
1.
T f(z) approximate the function f(x) by polynomials:
first order

0T - third order >~ (!) (constant) zeroth-order f{xo)

0.5 (2) (line) first-order f(xo) + f (xo)dx

0.0- (3) (parabola) second-order f(xg) + f (x0)dx 4+ 27 'f" (xo)0x>
0.5 (4) higher order approximations
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VVarm up: derivative of the sine function

Sroac < Sqoac < Saopc
SIn X

&Ssinx < x < tanx =
COS X

S1N X
eosx < < |

D

tan x

Q]

. sinXx

lim — |

x—0 X

. . + v — V
SlﬂpL—Slﬂ:/zZCosuz smuz

oy  sin(x + d0x) — sinx ( 5x) . O0x [/ ox
— = = cos | x

ox 0X 2)7 2/ 2
. dsinx . oy
(sinx)’ = e )1(1_1}13 5, = COSX

Ex.:What is the first-order derivative of the
cosine function? Do it by definition or use
the relation: cos x = sin(7/2 — x).
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More examples around x=0

I I Ex.: What is the expansion of e5™* around x ~ 0?

el +x+ X2+ +--
x4 x4 o + .

| | | |
Sin X ~AUx — Z X3 | I20 XS 5040 X7 4+ ... /
| | |
cosx ~| — —x* 4+ —x* X+ ..
T tan x = sin x/ cos x
tanx*'*-‘x—l—lx3' 2x5I |7x7+---
~ 3 ' 15 | 315 D 0.0 e
| | |
111(|+X)HX—EX2+§X3—ZX4+ | _LII
I . - SINT
~ | —)(-I-X2 —X3 X4 —— tanx
| + x / —— In(1+2x)
| | —0.5 -
(I—I—x)ﬁml—l—ﬁx—l—iﬁ(ﬁ—I)xz—l—gﬁ(ﬁ—I)(,B—2)x3—|—--- 0.5 0.0 0.5
4 b
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Definition as the basic algorithm for derivative

motivation/example: determine the velocity if the
position of the motion of a robot is measured/observed

What’s the difference of these
two algorithms!?

o) e [0 1/2) = flra = 0/2)




Taylor’s expansion as a tool for error-analysis

one-side approximation:

| f”(xo)h®, x —xo =h

oo+ h) = flxo) + { (ko) -+ o' (o +

f(xo + h) — f(xo) N
? ~ f

| |
approximation of the derivative ~ (o) +§f’(x0)h | 6f‘”(x0)h2 toin
error of the approximation

— leading-order error ~ h



Continued: central scheme
Algorithm design makes all the different!

central (two-side) approximation:

0+ 8) fow) +760) (1) + 3700 (5) + 4170 (5) +-
0 1) = fow) +00) (1) + 2700) (~0) + 470 (2 )+

f(Xo —|—h/2) ; f(Xg —h/2)m f(XU)

I /!
-oaf (xo)h* + - -
N—————— —
error of the approximation

approximation of the derivative ~

Ex.:Work out the next-leading
order in error proportional to — leading-order error ~ h?
h”4 in the central scheme.



Advanced method: interpolation using multiple-steps

h2 —— h2/4 h2 - h2 I 4 4 (I)ﬂﬂ'-"r*"l'-'”-.‘rf’-ru(x) y[m]

h) = a + bh* = diff, - >+ diff, - : 0) = —diffy + - diff
p(h) =a+ o j2—pa gt I > p(0) = —diffy + S diff

: i i—| (0) 2 (I 2 2 x — x! x — x©
d|ffj — dlﬁ.(hg/z ) X7 hﬂ:' X7 h| - hD/41 Lﬂ(x) - x(0) — x(1)? L|(H) - x(1) — x(0)

f(x T h) f(X o h) 7 5

diff(h " , )(x

fi(h) = "< 00+ 700 + 0

p(0) ~— 3 (109 + 2700 + 1509+

3
Lagrange polynomial interpolation:
+:(f() o ARRETS |20f(5) ) T ) 0
» Busr ) = P00 = 30000 = 3y [T 5225
~f (x) o1 (x) = =05
4120 4 L) — (x — x©) ... (x — x(- I))(x_x(r+l)) (= x(™)
5T %duff(hg) N :dlff (hzo) | | hy ) (x) (x0 — XY ... (x® — x(=D)(x® — x#DY ... (x® — x(m)

4120
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Opposite: integration ) — ‘ =

motivation/example: determine the velocity or the 4 w — Z P e

position of a robot from the measured acceleration
L Y

ftf:::rc:eF:;uxzj 0< x<D

discretization x) = ih,h = D/m

m

W Z ux\)2p = ZF Ex.: How to calculate Z 27
i=0 i=|
WA D3|.3|.|| —>ID3—/Dx2dx | -
~3F “2m  2m2) 37 T F ’ b
discretization itself provides the
error ~ m—| — h first algorithm for integration: Euler

method, i.e., rectangular scheme



Newton-Cotes formula: geometrical meaning

h x fix®) h* [f(xD) + fixit1)] /2 trapezoidal rule:

f(x) ’*" f(x) 1(a,b) =~ h fla) +flb) | mz_: fla + ih)

' 2 i—=|
7/ - j/ error ~ O(hz)

Ex.:Work out the explicit form of the error.

\

Simpson’srule:

3 points->parabola

h fla) + f(b)

m/2 - m/2—|

+4Zf(a+(2i— 1 )h) + 2 Z f(G—|-2lh
i=| _

Z(a,b) ~

retangular trapezoidal

aim: Z(a,b) = /ab f(x)dx

10 error ~ O(h4)



|dea of using random numbers

random estimator
m'  Z(a,b)
m (b — a)f(b)

m: number of samples
m’: number of samples under f(x)

Y <=f(X)

Z(a,b) ~ ”n'f, x (b — a)f(b)

X Ex.:How to estimate pi using this method?
Ex.: Comment this method for multi-integration.
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Buffon’s needle experiment

P =P(intersection between needle and line)
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Random algorithms in statistical physics
OXFORD MASTER SERIES IN STATISTICAL,
‘ COMPUTATIONAL,AND THEORETICAL PHYSICS | \\ /
,.»f”ﬁi / /
Statistical Mechanics: // s e T

Algorithms and i
Computations T s

Werner Krauth

1-;;“}5’{.-5 e *-.‘; F- Fig. 1.12 Buffon’s experiment performed with Gadget No. 1. It 1s 1m-

D~ possible to tell whether black or white needles were thrown randomly.
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Random walk: a first glimpse

m
<f) -~ ) | Markov chain Monte
~~ T
m — Carlo (MCMQ)
4.0 5
6=10.04
- O O OO O
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Random walk: basic properties

40-
R2 — (5)((') n Sx@ IR 5X(N))2 n (5)’(') 4 5)/(2) NP S 5y(N))2 .
—O0x\)2 L 5xP2 o4 5x(N2 9 Z oxV6xY) +(x <> y)

20-
i<j
N——
random—0 S D
10 20 30 40 50
x4 5xP2 41 xN2 4 (x o y) 3
30 501 — theory
1000 steps simulation (#=100)
20- _ 2 2
4 rrz'ms o (5X> + (5Y> 40
10 q:ll_:;-!--n--u
'H—-. r:: -I"L' 2 \/7
> 0 Rt i ELR R ~ Nr%ms — R ~ V Nrrms ~ N | =30
i
—10 tH b
20-
- Ex.: Does the scaling depend on dimension!?
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Multi-variate functions

Laplacian: A = V - V; Poisson equation: V*® = —p/e

5% = X — Xy, X € R

Of(%) | O
X) =~ f(Xo) + 0X - + —O0X — oX 4+ ...
flR) ~ fl%) o7 | 2% agow|
=X X=Xo
notations: h . . 708 101.0
armonic expansion o of  of
6‘)(528)(1 axézan 8xé?xd
f f f
. Ofix) of Of of \ ' O
g = Ox — (axl » Ox2’ T aa_xd) ) H(f) — XX = 8X2:axi axZ:aXZ ’ axZ:axd
ai of Of
B Ox40X;  Ox40%3 OX40Xy4

Ex.: If f(x,y) = x* + 3xy + 2y%, what is gand H ?
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Harmonic approximation

|
Uharm (0X) &~ —w?6x* + const.

’) (1) anharmonic potential adx> + box*

Examples:

(2) quantum harmonic oscillatorH = Aw(a'a + 1/2)
U (x) | | |

4 _ 2 12
B 6 (3) ¢*-scalar field £ = 5 @O — 5m ¢ 4

)\df
fluctuations

correlations frequently-used method in physical

decay problems: firstly obtaining the solution

N\ / via the simple approximation, the terms
like this are often called the non-
interacting terms, and then

X "(metastable states) perturbatively computing the high order
X effects based on the simple solution
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