Lecture 3

Primer on Probability and Statistics

Bao-Jun Cai, 3/17/2026

Topics of this lecture:

mean and variance of a distribution Ex., | X|, varx.,|X]

positiveness of variance, Jensen’s inequality E[f(x)] > f(E|x])

Bayes’ theorem, reduction of variance var|w| = E|var|w

moment-generating function, binomial distribution E[e*
central limit theorem: generating Gaussian distribution

| D Gaussian, Box-Muller method: uniform->Gaussian
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x]| + var|E|w]|x]]

= ) €p(x)dx



Drawing a fair dice: some basic concepts

X=1,27340506

P=PX=i)=1/6

/

What will happen if the
dice is unfair?

(1) mean/expectation of X, E|--- | =" = (---)

6 6
Z : IZ' | +24+3+4+5+6 7
= i=|

|=—=

(2) variance characterizes the deviation of X with respect to E|X]
6

var[X] = E[(X -~ E[X])?] = ) é (” B ;) N %

-
—
—

(3) artificially assume that the dice has 3.47,3.48,3.49,3.51,3.52,3.53

7 2-(0.01*+0.0240.03%) 7

BIX] = 3, varlX] = 6 ~ 15000
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1.0

Example: Uniform distribution Unif[a,b]

0.8
probability distribution function (pdf) 0.6
| p(x) itself could be larger than I! %4
P(X) — , d <x< b . e \
b—a P(x) = / b(x’ )dx’ ) 2t
cumulative distribution function (cdf) ’ 1 : : 4
o sample mean >0 sample mean
X x B a e Zér:ngtebm:rliance 75 Zarie;:rfr;ce
P(X) — / P(x/)dx/ = b LU NG ATLT. sl Al 2.0 | | | |
B —a . 15
1.0
b 0.2
a-+b T
E[x] = E[X] — / P(X)de — 5 WWMW 0.5
y 095 50 100 150 200 %% 50 100 150 200
Ex.:What is VElI"'[X] for Unlf[a,b]? number of random z number of random x
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Proof of E[XA2]>EA2[X] (2) Jensen’s inequality for convex function

(1) positiveness of variance (definition) 2@ + (1 — () f(x)

var|x| =E _(x — E[x])*] |
—E _x2 — 2xE[x] + (E[x])z_

_ - f(a) f(da + (1 — A)b)
—E[x*] — 2E[xE[x]] + E |(E[x])

_Ep —2(B)? + (B2 Afl@) + (I = M)f(b) > flha+ (I — A)b)
=E[¥’] — (E[x])* = E[x*] — E*[x]
(fix)) < fl{x)) <> E[f(x)] > flE[x]]

Ex.:VWhat can you learn from
the function (x)=-log(x)’ flx) = x* is convex — (x*) > (x)’
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Joint probability, Bayes’ theorem

probability of A and B i . IR
P(A, B) = P(A|B)P(B) = P(B|A)P(A) SRR |

Wheorem . ) Ny ™
Example: probability of dice=2 P(A|B) _ P(B|A)P(A)
(1) P(2) = 1/6 P(B)

(2) P(even) — | / p 2 P(Z\even) — / 3 A:parameter(s) to be learned/estimated
B: data (experiment/observation)

W $— noisy (data) P(A): knowledge on A before observing data

olynomial fitting:
POy 8 P(A|B): knowledge on A after observing data

2
fﬁ(x) = Wo + WiX + Wax" + - - + WX’ P(B): independent of parameter(s) A
v



Variance reduction from data: principle of learning
E|lw| = E|E|w|x||, varlw| = E|var|w|x|| 4+ var|E|w|x|
/ I \ positive

variance of parameter w variance of parameter w definite
after data generation

D21 T2
proof: ]OInt distribution for w and x var|x] = E[x"] — E*[x

Efw] — / / whia dwdx— / / wh(wix)p(x)dwdx — / Ejwlx|p(x)dx = E[Ewlx]|

E[var(w|x]] + var[E[w}]] =E |E[w2}] — (Ew}x])*| + E |(E[wlx))?| — (B [E[wlx]))

_EW] - E [(Ew)?] + E [(Bwh)?] - (Biw)’

:E[wz] — (E[w])2 variance of the parameter to be

B estimated as the data is generated
=var(w|. 6 is eventually reduced

w: parameter

X: data



Quiz 1:3/17/2026

Quiz |.1

Input: array A of n integers, and an integer t.
Output: Whether or not A contains the element t.

fori= 1 tondo
if Ali| = t then
return TRUE

return FALSE

What is the running time of the algorithm?
(@) O(1) (b) O(logn) (c) O(n) (d) O(n?)

Quiz 1.2
Let T(n) = n?/3 + 2n. Which are true for T(n) ~ 1
(@ O(n) (b) 2(n) (c) 2(n*) (d) O(n’)

Quiz |.3

What are the accuracy of 5-point algorithms
for 2nd and 3rd derivative of f(x) with step h?
(a) O(h*) and O(h?)

(b) O(h*) and O(h?)

(c) O(h*) and O(h*)

(d) O(h*) and O(h?)

Quiz | .4

In a Monte Carlo integration, suppose the
sampling surface is located at about 90%
of the radius of a d-dimensional sphere. If
approximately 10% of the sampled points
fall inside the inner volume, what is the

minimum dimension d required!?



Moment-generating function (MGF) e~ 1+a+ a4 a4

2 6
FETFS. M k example: uniform Unif[a,b]
Vi = E[(X — E[XD ] - b atx Wbt gt
oment M, (t) = dx —
/Nk:E[xk] o D—a t(b—a)
MGF |
Mx(t) - E[etx] __ /etxp()()d)( assume that t is near zero:
M)~ 14 20 P rab T,
e~ | +t+ 2' . & 3' ~+ .. I b3—|—ab2 sz a3t3—|—
My(t) = | + tu, t’ g? t3 gL? 24
' b+ a b2 + ab + @2




0.3

0.3
— Bi(20,0.2) — Bi(20,0.5)

— (. 3*cdf — (.3*cdf
B bars B bars

Coin: predict the next outcome

0.2] 0.2

p: probability of success (VVashington)
q=| -p: probability of failure (Texas map) 0.

0.1

0.0

My(t) = ) e~ (2) g =) C:) (pe’)" ¢ = (pe' +q)"
x=0 x=0
N;’L(t) = npe’ (pe' +q)"" — Elx] =y = np
n independent drawings with x heads 42\, (1) I AR R C e
“an = npet | (pet +q)" "+ pel(n — 1) (pe +q)" 7

binomial distribution has the maximum variance

P(x) = (Z) p*(I — p)" ™ — var|x] = pp — py = np(l — p)

n n! at p=0.5, if p=0.ﬁ ithis difﬁcultl::jobpredict th;e I
- - : . _ ' next outcome whether it would be successfu
binomial coefficient: (X) - x!(n . X)! or failing, either p=0 or p=1 is deterministic



Geometrical meaning of higher order moments

3 4
X — 3 X — U4
skew|x| = E £ = — 7, Kurtjx| = E x —3=— -3
o VZ/ O %)
3(mean-median) 10
SkewneSS ~ . sample skewness
standard deviation o sample kurtosis
p(x) Y
WA (1) :
| \i:\ example: Unlform 0.071 (V' '“H’ A J | |
| k(#}\
| :\?\ | skew (x| =0 .
| ,\"\\
RS\ .
Al kurt|x| 6/5 .
| | \)_Ll'f\\-‘(
L \a}:}% Ex.: what’s the geometrical _, .
| ket .
: , % é*‘i \. Mmeaning of kurt[x]?
L | WA~ -2.0 . . .
. - X 0 100 200 300
m00¢ edi? mead number of random x
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400



|D Gaussian N R
N (xlu, o) ~ N (u, 0?) /i’“ oz [ )

| =\ Teva ).
df: =

Ex.: Show that p(x) is normalized.

normalized: |

all the information of the
V27T J o distribution is here!

M,(0) = M”( ) =p' +o°

— ndf
cdf

puw=0.0,0=1.0

M”(0) = 1 + 3uc*, M?(0) = u* + é6pu’o* + 30"

half-width 00k skew|x| = 0, kurt|x| =0




Kurtosis revisited

[
3 4

b-a . .
Unifa,b]: kurt[x]=-6/5 positive kurtosis: sharper
(A} K ¢ tail than Gaussian j ;
xp(A): kurt[x]= positive skewness: longer § §
\ tail on the right hand side ; §
: ?
EXP(A) : p,\(X) — Ae s X > 0 - — j:?z 5 100 |
‘ — A=15 g
G | \ oot | &
M, (t) = / AePe Mdx = Ct< A LOR-—x: =3 M
0 I - t/A ,":r ff_,.-*"' st ‘% 25
t t\ 2 £ 3 t\4 0.5\ f,f':,-—'"'ﬁ S 125
g () () () T i
A KA . A 00f" =2 ok ongie,
0 2 4 3 10 |

exp
=e

202

(Inx — mZ)?



Binomial, power-law, Poisson, Gaussian
if n is large and A = np is fixed:

0.4
— Bi(n,p) binomial—Poission
0.3 i‘/”_’((w) ) o= A )\x
— np,np . .
0.2 !
too fast ] —— L0 0
o1 Po(8) — Po(1)
0.1 / 0.81 mmm E:s 0.8 : Ch:; 0.8 : ZL
0.6 0.6/ 0.6
| . . —_—— 0.4 0.4 0.4
0'00 5 10 15 20 II}L
I{" 0.2 0.2 (0.2
10 1520 s 10 15 20 P TS 10 15 20

k=2, Po(A):

random graph

)Pk(' P e ( o k)2)

scale-free networ




Central limit theorem

— M, 0% /m) — Mp, 0" /m)
2.01 m =1 2.0 m=2

L 1.5 1.5
X — Xm — l E :x(f) e
1.0+ 1.0
0‘/\/ m

=/ il

—12 —0.8 —0.4 Dﬂ 04 08 1.2 12 -0.8 —0.4 0(} 0.4 08 1.2

pdf

— X~ N(0

2.5 2.5

indication:

— Mpu, o0 /m) — M, 0% /m)
2.0 m =5 20!
2
lim M ( ) t /2 15 15
m—0o0 2 =
1.0 1.0
Ex.: Prove it! | o3 03
l .
X() e Unlf[_ I ] I] 09727208 04 00 04 08 1.2 09727208 04 00 04 08 1.2
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Box-Muller for generating 2D Gaussian

since the very importance of the Gaussian random
numbers, algorithm to generate them:

—21nr\"/? —21nr\"?
Y|=X|( ) :Y2=X2( 2 ) ;f2=X%—|-X%S|

r2
\/ / V(%)
Vi ys ~ N0, 1) X1,X3 ~ Unif(0, 1) probability conservation:
proof: p(x)dx = p(y)dy
_ oxi,x2)| | . (_ﬁ) | ) (_y_%) 1
Plror) =pa) 50 = var P\ 72 ) 7 P\ 72 y = f(x)
O(x,y)  |Ox/OX Sx/é‘y’\ Ox 0y  Ox Oy P(Y) _ P(X)‘(?X/@y‘ _ p(x)
O(x',y) |Oy/0X Oy/dy| ox'dy Oy ox f (x)

15

h (v)
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' . R | « N | — Ny | — N3~ | — :
Estimator: 10| == X0 = = S x02 iy = = 3 x03 iy = = 3 <04
i i=1 i i=1 AL i=1 4t i=1
x ~ b(x): unknown but to be estimated * how good are they?
T3 — 30l + 2 — . . Tis— 4070 + 602 — 30
1.0 skew|x| = a — m/ilz ;2 ul . kurt|x] = . mﬁ' i ﬁng "3
sample skewness (“2 o “I) (#2 _ p’l)
0.5 sample kurtosis simple example: m samples x') ~ N (i, 0%), two estimators:
ja |l ]. |||I| UG- R L In AL BT A . I ks . —~ I s i 2 2 i A~ I
0.0~ Tl ; Hzazx(f)jgzza (x? — )" = E[fi] = p, E[0?] = ("—E) o2
i=| i=1
0.5
| Ex.: Prove these BLUE, UMVU, ...
' ' relations. . 4
real e‘st}ate
= I T T A . . i . . (X)
=0, 100 200 300 400 14 is unbiased and o? is biased p \

number of random z

16 : x
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