L ecture 5

First Lesson on “Learning from Data”, Parameter Estimate
Bao-Jun Cai, 4/1/2026

Topics of this lecture:

e parameter estimate for the learning model fg‘( x) = ax - b

e parabolic loss function and its optimization J(f) =2 Z[fﬁ, (x0) — y 012
e goodness of learning model: decomposition of bias, variance

* penalty term, belief in data, avoidance of singularity | — ] + Ag

e normal equation " dw = ® 'y

* stochastic gradient descent



Problem of linear curve fitting learning model fi(z) = az +5 @

aim: minimizing the loss function
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Closed solutions for aand b

~ Xa* + Yb? + Zab + Ua + Vb + W
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| ) linear fitting is ideal/approximated

Nonlinear curve fitting (concepts)

2) a physical (realistic) model fohys(x)

approximation: fuw (X) — fohys(X) 3) generally y0 # f(x) ¢ noise €
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¢, loss

m

Jow) =52 [ (x?) ="

i=|

12

data sample

least-squares

polynomial learning model
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optimal solution:




Details on derivation what will happen if m < n?

& linear equations for w;:
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Simulated results for polynomial learning ~ fv(®x) = >_wx
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(1) small n: smooth/inaccurate <> large bias/small variance

—  fohys(2) =sin(27z)

O noisy data, sin(2rz®) + a9 (2) large n: accurate/irregular <> small bias/large variance
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One can not have simultaneous small bias and variance!
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VVhat happens?! more analyses

over-fitting

2.
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very relevant/important!

n: model complexity ]




Bias-variance decomp05|t|on
A =E (ﬁ,hy (X) +a— f(x)) a: noise <> Ela| =0

f(x): learning model

.
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X: testing data

f(x): model prediction
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Related: training and testing losses

/\

low bias/high variance
>

high bias/low variance
<

testing error

prediction error

=

trainine error reasonable model selection

=
high

low model complexity

F(fphys(m +a- ﬁf))z] = var[a] + [bias of ﬁi)]z + variance of fﬁi)
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deterministic

“No-free-lunch” theorem N\

design paradigm:

badness

randomized algorithms

performance instance

j— specialized /deterministic algorithm

general-purpose/randomized algorithm S A p

» A
B NP

average

D
h N

type of problem
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Regularization

J(w) =

|
2

m

i=1

- Z [fw (x(j))

)12 i
—y"T" + Xg(w)

over-fitting

n=>9
belief in data
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data+learning model Uy : g(w) — w% o W% dow e <k Wﬁ
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i—=|

12

0.4

0.3

0.2

0.15

0.0

—_— A=10"T

0.0 0.5 1.0

=== €train

Etest

20 -10 0 10 20



Normal equation and basis functions
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Levenberg—Marquardt: w* = (&' ® AI)"@Ty

example: linear learning model
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