Lecture 6

Thermal Motion,Annealing and Monte Carlo Schemes
Bao-Jun Cai, 4/8/2026

Topics of this lecture:

e thermal motion, kinetic energy 3kgT ~ mii*/2

e simulated annealing Ty — T;/Tp < |

e Metropolis algorithm prob ~ min|l, e P

* 2D Ising model by simulation E ~ — ) " s

* inverse, rejection and importance Ax] = Pix)

e variance reduction oy ~ | /vVM Elf] = / f(x)p(x)dx
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originated from statistical physics
widely used in optimization problems... . .. i mic e o

Variable X

Optimization by
Simulated Annealing

S. Kirkpatrick, C. D. Gelatt, Jr., M. P. Vecchi

In this article we briefly review the
central constructs in combinatorial opti-
mization and in statistical mechanics and
then develop the similarities between the
two fields. We show how the Metropolis
algorithm for approximate numernical
simulation of the behavior of a many-

sure of the *‘goodness'"’ of some complex
system. The cost function depends on
the detailed configuration of the many
parts of that system. We are most famil-
iar with optimization problems occurring
in the physical design of computers, so
examples used below are drawn from

Traveling Salesmen

Quantitative analysis of the simulated
annealing algorithm or comparison be-
tween it and other heuristics requires
problems simpler than physical design of
compuiers. There is an extensive litéra-
ture on alporithms for the traveling sales-
man problem (3, 4), so it provides a
natural context for this discussion,

If the cost of travel between two cities
is proportional to the distance between
them, then each instance of a traveling
salesman problem is simply a list of the
positions of N cities. For example, an
arrangement of N points positioned at
random in a sguare generates one in-
stance. The distance can be calculated in
either the Euclidean metric or a **Man-
hattan™ metric. in which the distance
between two points is the sum of their
separaions along the two coordinate
axes. The latter is appropniate for physi-
cal design applcauons, and easier to
compute, so we will adopt it.

We let the side of the sguare have
length N'2, so that the average distance
between cach city and its nearest neigh-
bor is independent of &Y. 1t can be shown

SCIENCE

tions can be attempted only on problems
involving a few hundred cities or less.
The traveling salesman belongs to the
large class of NP-complete (nondeter-
ministic polynomial time complete)
problems, which has received extensive
study in the past 10 years (3). No method
for exact solution with a computing ef-
fort bounded by a power of N has been
found for any of these problems, but if
such a solution were found, it could be
mapped into a procedure for solving all
members of the class. It is not known
what features of the individual problems
in the NP-complete class are the cause of
their difficulty.

Since the NP-complete class of prob-
lems contains many situations of practi-
cal interest, heuristic methods have been
developed with computational require-



Metropolis algorithm

x = X + Ax, f(x) = f(x + Ax), Af = fix+ Ax) — fix)
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Equation of State Calculations by Fast Computing Machines

Nicuoras MetroroLis, AriaNNA W. RosexsruTa, Marsuarr N. Rosexsrurh, axp Avcusta H. TeErLer,
Los Alamos Scientific Laboratory, Los Alamos, New Mexico

AND

EpwaArD TELLER,* Depariment of Physics, Universily of Chicago, Chicago, Iliinois
(Received March 6, 1933)

A general method, suitable for fast computing machines, for investigating such properties as equations of
stale for substances consisting of interacting individual molecules is described. The method consists of a
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere
system have been obtained on the Los Alamos MANTAC and are presented here. These results are compared
to the free volume equation of state and to a four-term virial coefficient expansion.

7, probably be rejecte

7, be accepted with prob. < 1
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. select an initial position x

Af
ke T

prob = exp | —

u ~ Unif(0, I)

. generate X — X + Ax
. compute Af = f(x + Ax) — f(x)

. if Af < 0, accept the new state without doubt

if Af > 0, accept with some probability < |

. cool down the temperature (annealing pattern)



Monte Carlo, MANIAC, ...
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Annealing pattern, Rosenbrock function
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Multiple local minima successful probability — T T N

d |01]02]03]04] 0506 07 08] 09] 1.0 20 \ 1 | V.Vt
P(%) | 1.1 | 10.5 | 33.5 | 69.4 | 98.8 | 99.6 | 99.6 | 99.2 | 99.6 | 982 89.0 | 2

10 g5

S D0 s

1.0 -1.0

flx) = x* + 2y* + a[cos(37x) + cos(3my)]

o 05 00 05

e e ._ - =
o i oy g = e e
IELER il i - LN . g ¥
LR ! SN L
., g k! e F LY
= Y ! o - Lk E
L] & L] &
1 AN T 1 1
A0 d g rr
r C iy

0.5

R e e, .y oy | g i e Ry i
e, S — o ey ] e e —
g o o i e e i ot oot o g i
i - - ) A -
S # iy "y "
TIIT f T ITT [
{}n{-" ! A f | {}ﬂ"--- PR
- L i = %, o - RN iy
s ™ 5, ] sy o s, e
- - o A | i e
i i -
el e o

O X®
(©

S
" - u - o o, —

%0 05 00 05 107'%o

= =
05 00 05 1.0

Yo 05 o0 05 1.0 Mo 190 05 00 05

0.5

5y

A

e o o A A
N e e e i e iy B, R,
s = : e

5 00 05 10 L

e

e - = S | B
Do 05 00 05 10 Yo -05 00 05 1.0 194 5

NS
e Tt
o _..-_,.?:_ﬁ_..l.__l: i
o ) |_|| |
o "\-}'ﬂh\_ o

'
" FAXES
et A |

e e |

|
R |
et

s _..__._-;.I._____

|

. _'._,-':_ -

=

%0 05 00 05 10790 05 00 05 10 %0 -5 00 o5 10 Y0 05 00 05 Lo %o 05 00 05 1o %0 05 00 05 Lo fast annealing




2D Ising model: simulation

_ |
- —strsn ~ e, B = ks T

Boltzmann factor

internal energy specific heat size = n = L*}
L) - (B prob = e~ A/keT
n kBT2 nkBT2

Metropolis simulation:

|. select an initial configuration i, calculate E,

2. randomly flip a spin and obtain E

3. calculate the energy difference AE=E, — E,
4. if AE < 0, accept the new state without doubt

if AE > 0, accept with some probability < |

5. continue to be stationary



Configuration evolution with flipping
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ksT/J




Onsager, C.N.Yang, Kadanoff,Wilson, .3 %

Onsager: kgT/|. =

TRl i




A few textbooks on Monte Carlo in Statistical Physics

Graduate Fextsin Physies FIFTH EDITION

Kurt Binder - Dieter W. Heermann A Guide to
— ' Monte Carlo Simulations in

S E1 5 i[e=| M2\ Tel David P. Landau

Monte Carlo Kurt Binder
Simulation in | -

Statistical Physics

An Introduction

Sixth Edition

Monte Carlo Methods
in Statistical Physics

I_.I"H‘:-""l y "
“Z.1 Springer

Wolff algorithms; correlation time; event-chain; Metropolis-Hastings, ...
11



Inverse function method

Q: assume that we have only uniformly —
distributed random numbers,how to | °
generate other distributed number?

inverse function: Box-Muller algorithm for Gaussian
X

u = P(x) :/ p(xX)dX — x = P~'(u), u~ Unif(0, |)

- EX.: Prove it!

Py(x) = e M — Py(x) = | — e ¥ ln(l)\— Y) ~ par(x) — h;u ~ P (x)




Rejection sampling

proposal distribution q(x) —
(easy to sample) ka(x))

target distribution
p(X) : easy to evaluate/difficult to sample

p(x) = p(x)/25, 2= [ px)dx

p(x)
accepted area

X0

_ .3
afi) = | - (x—p)? P(EL“-}:}
Vit b " i . rejection sampling:
g fraction Probablllty Of l P g
E ok : accepting a x sample x ~ q(x)
) GKC{ £ suggested sample  generate u ~ Unif(0, kq(x))
32 ; d=
" : . x accept if u < p(x) with prob=p(x) /kq(x)
8 0.1
20
i p(x)
) ,@'“ V085 4 -2 0 2 4 6 8 10 12 PrOb — /P dX = — k
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kq (X)



7. E[f high p(x)/low f(x)
fl = Elf] 2

Importance sampling =< prove &

5 [ ‘
/ [ = MZf(X(’))

Bif = [ fx)p(x)dx

s | o o
F= 2 3 fxpx®)  px) =px)/2,2, = [ pex)ex
proposal distribution q(x) q(x) =q(x)/Z;, Z, = / q(x)dx

el - [ foopttx— [ 02 qae ~ 1S PED1x0), 50~ gl
q(x) M — q(x1) |
E 1 7 p(x) | e qx) | ~ /(DY =i
7, =7, ] P = | Gogadexm g3 7= oy 1 = bx0) /4(x)
” ” " Importance ratio
_ 4 p(x) » Zg | ~er o (D ~ i s i .
Blff = [ foopGodx = 5 [ & Sqedx~ 5 i)~ 3 i) 5(x0) /q(x)

4 TR T T E0)/ax)



fix) =x""*+x/16,0 < x < |

3 g(x) = 3x*/*/4

ol ~ 0.459/VM

f—: f/q

o9 7~ 0.025/vVM bo

/f(xdx—/ f(x dx—/ f(x);

- y:/ g(x)dx' = x*/* — x = y*3 y ~ Unif(0, |
0

10’ 10 10° 10

1.36

Ex.: Under which dimension Simpson’s

AV 15 rule wins over Monte Carlo!?



*Gibbs sampling: high dimensional problems

applications:

P(X)ny — P(Y)Pyx noise images (German&German, 1984); biological processes
4 4 based on random walks
aim: X ~ p(X)
a update x; using the marginal probability
S 0 X\ # Yy, other components fixed
vy = Py = d7'p(yi|x2, -, Xq)
—2 Py = dmlp(xl Y2, ,¥d) = d_lp(xl X2, Xqg)
" _ p(x)
=4 Pyx e
dP(XZaX3a ST axd)
P _I P(Y|‘X2,X3j"' :Xd)P(XZ:Xh“' :Xd) . | P(Y|,X2,X3,"' :Xd) . | P(Y)
Xy T
d P(Xz,X3,"‘ :xd) d P(XZ:X3:~"' :xd) dP(XZaXh”‘ :Xd)
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