Lecture /

Hinderance of using H™!, Newton-Raphson, Conjugate Gradients
Bao-Jun Cai, 4/15/2026

Topics of this lecture:

* Newton’s algorithm, initial value issue

e convergence order analysis €| = qbef

* (Gauss-Newton, Levenberg-Marquardt H + ( | > H

e approximations for the inverse of Hessian H,,

e conditional number kappa kK = K(A) = |Amax!|/|[Amin|

e conjugate gradients search k — /K

|



Using Hessian to design the optimization

f (X) ) GD with exact-line search:
para,

(1) — () 8i 8i

— €8i, € = —7

x € R?

(0 |. first-order in nature

2. H,g; could be calculated
f(x) =g, f (x) =H, 3. ID: x#) = x0 _ g/H,

_ S+ () .
0X = X - minimum of fpara(x)

|
FX) ~ fua() = fi+ 8 0x + 26X Hox— |

an approximation of f(Xx) around the xth — x0) _ H-! g
point X, the same gradient and the '
same Hessian matrix n H' ~ O(d);eg, d= 10°



Examples
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Rosenbrock function g=0-1(0,0) \/_’ ) H = c d
H — 2 + 12bx* — 4by —4bx Ex.: write down the general
—4bx 2b 3 expression for H in 2D



Issue of initial value for Newton algorithm
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theoretical formulae:

| . -
fpara(X) ~ if:(x — X+ fkE — )+ Sk Mow It — \/0/6 8 \/0/6

A / flx) = x* — ax?

Xloc = g — Xs f,s, (axis of symmetry) lessons:

S S

72 |. 1, should be positive

g 2.1/t should be reasonable
£ (selecting a reasonable starting point)

negative-Hessian region:

s = fpara(xleécc) = fs



Even more serious case: oscillation
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Another version of Newton method: root solver

finding x = x* such that f(x) = 0

A

J(x)

approximate f{x) as

) = 1) + £ () (x — x)

example: x> —5 =0

fx) = 2x
y(+1) — x(")/Z 4 S/Zx(")

x© = |

2) —2.3333
x3) = 2.238]
x4 = 22383
x®) =2.236]
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If the derivative itself is hard to obtain

. . (7)
finding x = x* such that f(x) = 0 X("H) — x(') _ f(X )

1 f(x) f,(x(,))
f(xD) ~ fix?) — fix")

x() — x(i—=1)

(X(j) — x(j_ | ) )f(x('))

) — flx-1)

secant method



Error analysis: first glimpse

| index O effectivelz: characterizes the
error at step i: g = x\) — x* convergence of the algorithm

error at step i+ |: e = gbef |. if 0 is large, the convergence is fast

s 2. if 0 is small, the convergence is slow
gradient descent:

XD =x0 _ ef (xV) = x — &f (x* + &)
~x* + e — 6lf (x*) +ef (x*)] = x* + e — &f (x*) — eieif (x¥)
=x* + [l —&f (x*)]e; — &f (x*)

N em = [ = e e — e )

adopt Taylor’s expansion as
an effective tool convergence order: 0 = |
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Error in Newton's algorithm

error at stepi+ |: e = ¢5e}5
*k

error at step i e, = x\) — x

iy o fx Lo (e;f(X*)+2"e,-2f’(X*))
) M ) + e o)
~xX*+ e — (e,f'(X*) | QE?f’(X*)) ()I(*) (' —e';((;()))
ot ra [ M) o ) o) L TPX) o
XX 1 € (e, | Zf’(x*)e' f(x*)ej) = X - 2f'(x*)ei
f?/ x*
Ci+1 — ¢ei2: ¢ — ( *) Ex.: what is the value of convergence
2f7(X ) index for the secant method?




Quiz 2:4/15/2026

Quiz 2.1 :
What is the normal equation for f, (x) = ng(x)?
() (ﬁ(i;_rw = 5)’ (b) 5TW =y (c) éTéw = 5Ty (d) (Ew =y

Write down the form of @, what is the main advantage of normal equation?

Quiz 2.2 ;
Explain the Polyak and Nesterov momentum mechanisms briefly.

Quiz 2.3 ;
Write a few algorithms for computing E[f] = [ dxf(x)p(x) and give short comments.

Quiz 2.4 ;
What is the conditional number « of a symmetric matrix A?
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Gauss-Newton: preparation error: e;(x) = (x(t?,x) — y®)?

Jacobian Jei(x) Oei(x)  dei(x) / ‘ f

Ox Ox Ox nonlinear model input
5 dey(x) 0Oey(x) 6&2('}:)
e\
= ()= | e o
Oen(x) Oen(x) Oen(x) e(x) . R _y RM parameter
OX, 0X~ OX,, | - | m ]
total error: E(x) = e’ (x)e(x) = - > eX(x)
gradient =
g(x) = Z ei(x)Vei(x Hessian OPE(x) Ex.: how can one approximate
H(x) = E(X) as a quadratic function!?
E'(X) ael( ) 8X8XT
I 8X| 2
:JT(X)E(X) __ = Z (Ve, Ve, ) . g EE(X)V e,—(x))
e, (3c) 251X T
" ox, =J ( )J(x) +S(x)
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example:

Gauss-Newton: algorithm E() = (x+ 12+ (O +x— 1)?
| o | | o | - e(x) = V2(x+ 1), e3(x) = V2(MZE +x— 1)
E(X) HE(X(')) + g (X(')) (X — x(‘)) -+ E (X — X(')) H(X(')) (x — X(')) S( ) _ 4/\(sz A e |) - lim S(X) -0
:%BT(X(E))B(XG)) + (JT(x(f))e(X(f)))T (x _ X(t‘)) 1.0 —}_ —r
n % (x — X(n)T (I (xNI(xD) + S(xD)) (x — x) 0.5 | ot
< 0.0
wton*s update
~8). 5
x(H) = xO — (JT(x")I(xD) +8(xD)) " (IT(xPe(x?)) -io; ; "
_ step
- Dy ; . | |
WIS il gy g (ITENIED) +¢1) T (IT(xVe(x))
xHD = x0 — (JT(x)J (x(f))) (37 (xDe(x)) /':evenberg-Marquardt (LM)

Gauss-Newton (GN)

G; : d

amping term
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Approximations for Hessian (concept) p.vidon-fietcher-Poweil (OFP)

1 . . T . . T .
expand the gradient g around x{*") W, —w, 4 35 Wiy W

| S;'T yi Y;T Wiy;
(i4+1)

IX=X—X

| | Broyden-Fletcher-Goldfarb-Shanno (BFGS)
g(x) = g(x"™" + 6x) =~ gip) + Hipy (x — xHD)

(s'yity!' Wiyi) (sis')  Wiys! +sy W,

(i) Voe = T Tv.)? S; Yi
X =X (si'yi) =
g ~ gi+1 + Hiy (XU) = X(m)) . h Biggs EXP function:
; : n . b N
‘ s =x") —xU yi =g —g 10 [W‘T‘_{BFG—S flx) = ZI:)‘? (%)

ﬁ(x) — ze—tfx — ue—h‘}’ 34 we—t,-v - (bf

o | E —
H, \yi~ s | - | ' : :
(quasi-Newton condition) | x = (x,y,z,u,v,w),
t. =0.1i,0; = et — Se—IOu— n 34
0 , .

0 250 500 m > 6

W~H 'orBx~H op




Conditional number ) — i) _ ( 3 Ad)zz (ﬁ( A) - I)z

fix®) — fix*) — \ A + A\ k(A) + |
1XTAX — bTx/

flx) =
2 e S |x(+D — x*|| o < JR(A). k(A) — | - k(A) — |
(gradient-descent) [x() — x*||o . K(A)+ 1 — k(A)+ |
Ix|A = x" Ax
| | |
Hx(') —X|[a < THX(O) — XA =i < ER(A) In (T)
conditional number of a matrix (H’Jr I)j L] i > In (-I—)/ln (H il I)
Kk — | T T Kk — |

:
o= W(A) = Dol Pal] (21 (14 2 Yz (M )5



can we find a better search direction p; # g; (GD)?

conjugate-gradient algorithm:

g;l | Si+ |
g' g

xH) = x0 €iPi; Pir1 = —8itI T QiPj, O =

, Po = —80

exact-line search:

B g P g 8

p/ Ap, p/Ap,

conjugate condition: p' Aq = 0

€

N)



*Convergence of conjugate-gradient method
n—| I

{Po," "+ ,Pn1}spanR" — x* = x(® + Z OiP; f(X) = EXTAX — bTX
i=0
i— | nxn
on the other hand, x) = x@ +» "gp;, 0 <i<n A €R
J=1 i— |
residual r; = b — Ax\) = ro — Z EjApj
b—- Ax? = X — X(o) Z ¢)}Apj L = T
P; To
| foreel=j %pi_rri = pi—rrﬂ — Z €iP; Ap} piTrU —7 € = p-TAp,-
T O - N A =0 |
—P; (b — AX ) — Z ¢’j | 84 Apj ‘i’:p Ap,
= Di = €
b — Ax(© 1
—>(;5,' p'( X )=p'r0,0§i§n—| _
P; AP P; AP, CG method terminates at most n steps
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Role of conditional number in conjugate gradients

* (i) !
X X A) — | | I
| OHASZ VH(A) <7T-— iz\/ﬁ:(A)ln<)
x* — x| 5 VE(A) + | 2 T
. Initialize x(?), obtain ry = —Vf(x(o)), | | |
2. Obtain pgy = ry, if po is sufficiently small, return x©. GD: i z 2I€(A) In (T)

3. Calculate the learning rate by line search, ¢, = argmin f(x(% + ery).

4. Obtain x!") = x(© + ¢,r,,.
5. For general i > |, do the following:

CGNE (conjugate-gradient
normal equation error)

i — —Vf(x('))
Search parameter 3., through certain schemes. A is neither symmetric nor positive-definite
Update the conjugate direction pi =r; + - 1pi-ic. A'Ax=A'b,AA'y=b—ox=A'y

Update the learning rate ¢; = argmin f{x" + ep;).
Update x(!) = x1 4 ¢p;.

Preconditioning
B~ '(Ax — b) = 0 where kx(B™'A) is small

6. Terminate i if |[x") — x| is sufficiently small.
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