Lecture 8

Kalman Filter as a Data-driven Optimization Algorithm
Bao-Jun Cai, 4/22/2026

Topics of this lecture:

e Kalman filter, state and measurement

e linear Gaussian model xx = Axy—| + Byuy + wy, yx = Cexic + 0
e variance reduction in Kalman Filter of =(1 — K,Cy)o¢

* error propagation K, = S,C/ (Q. + CS,C, )"

* nonlinear extension f(x) ~ X + Fox + noise

e bias estimate E[w| # w



Linear Gaussian model

state model

X = Axp_ ) + Brug + wyie

measurement model

Vi = Cka e n, state: x, € RY

measurement: y, € R"™

transition matrix: A, € R¥¢
The Kalman filter is widely applied in physical problems to

. . u
estimate the evolving state of a system, such as position, input: u, € R
velocity, or field variables, by optimally combining imperfect control matrix: B, € R¥*¢
measurements with dynamical models, for example in _ d
tracking particles in detectors, reconstructing trajectories in noise on state: Wi € R ~ V(0 Ry)
accelerator experiments, or filtering noisy signals in observation matrix: C, € R™<¢

astrophysical observations. > noise on measurement: 1 € R™ ~ A/(0, Q)



Equations for Kalman filter Example: 1D KF

my =Axmy_ + Bruy

prediction: m; = A,ymy_ | + Byuy 72 =Ako? | 4R,

§k = AkSk_|A2— + Ry my =my + K (yx — Cem)

measurement: my = my + K, (y, — Cmy) o =(I — K&z
— —2C
Skz (l _chk) Sk K, — O “k
‘ Crog + Q

K, = S.C] (CSCT + Qo)

2 ( CQ )_2 Ok
O-k: I O-k: —
Ciop + Q | + (G /Qu)o%
ikaZO—)'O'k zﬁﬁ,mk:ﬁk

Kalman gain: K, = S,C, (CSkC, + Qk)_I

Kalman innovation: y, — Cjimy no correlation between state and measurement

Xy ™~ N(mk, Sk) Ex.: is there definite relation between Jf and J,f_|?
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Sketch of KF derivation

b(Xk|Xk_1, ux): transition probability after obtaining the input u, (Gaussian)

p(x) :/P(Xk|xk—'=uk)P(xk—')ka—' p(xy): prediction; p(xx_|) ~ N (xx_1,Sk_1) (Gaussian)
|
=0 / exp [—5 (xx — Arximr — Baw) ' Ry' (36 — Ayxuny — Bkuk)]

I _
o X exp [_E(Xk—l —my_ ) 'S (i) — mk—l):| dxy_|
normalization factor

=0 / exp [—Ly(X—1, Xx)| dxy_
quadratic in both x; and x;_

I
Xk — ApXp—) — Bkuk)T R, ! (xx — Arxi—1 — Bruy)

5 (
interaction term I

Ta-!
—_—— (x 1 —m_1)'S R
Lie(Xi—1, Xk) = Une(Xie—1, Xk) +Lic(Xx) i 2(Xk | k1) Sy (K — )

L:k(xk—l ; Xk) =
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Sketch of KF equations: continued

interaction term S O Ly (Xk, Xk—1)

' =

———
Li(Xe—1, Xk) = U (Xi—1, Xk) + Lk (X)

2
0%

= AR ACHS

X:_| = (i;k [A;(FRk_I (Xk — Bkuk) -+ Sk__llmk_|]

| .
Uk (XK, Xim1) == (ximr — x5_1) ' D' (3uet — x5_)

2

|
~ N, B =5 {xi1 — P [Af R (3% — Brwy) + S ymy_ | }T

2

x & {xim1 — By [AER,(_' (%« — Bewe) + S iy | }

p(x) = © exp[—Li(xi)], ©' = O[(2m)?det &'/
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Sketch of KF equations: continued

Li(xx) =Li(X—1, Xx) — Une(Xk—1,Xx)

I _ | _
=—(xx — Bkuk)TRk l(Xk — Beuy) + _m!—(r—l Sk—llmk—l

2 2 . . - o
; ® =0 = (AR A+ S))
|

_ _[ATR! _B g-! T2T2_ 1 2 ATR-! B g-!
2[ « R () — Brwg) + Sl imy | @ @' @ [A Ry (% — Brwy) + S ymy |

I
=—(Xk — Bkuk)TRk_' (Xk — Bkuk) + ika_l Sk__',mk_|
I =
— E [A;Rk_l (Xk - Bkll,'() + Sk__llmk_|]T (I);r [AE—R,(_I (Xk — Bkllk) + Sk__lll'l’lk_|:|

I _ | _
:i(Xk — Bkuk)TRk l(Xk — Bkuk) + im,—(r_, S _'lmk_|

P | T next we need to calculate the first-
) [A R (% — Brug) + S ymy | order and second-order derivatives

X (A,-—(I_R;(_IA,'( + Sk__ll)l [A,-—(I_Rk_l (Xk — Bkllk) + Sk__||l'l'1k_|:|
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Sketch of KF equations: continued

0Lk (x B N N ! _ _
() =R, '(xi — Baw) — R A (A R A+ 5)) T [ALR (% — Biwy) + S ymy ]

O
= [Rk_' ~R;'A(ATR'A+S) T AkTRk_I] (% — Brw)
—Ry'Ac(ATR'Ac+S7) 'S¢y m, (R+PQPT)'=R'-R'P(Q'+P'R'P) PR
— (Re+ AsSiiA) ™ (e — Bew) — R'A (AR A+ S7') 7' 8¢ my
OLilx) _ g _, (Ri + AcSic 1A ) ™' (3 — Bew) = Ry AL (AR A+ S ) 7' S ymy, = 0

X
Xy =Bug + (Rk + AkSk_|AkT) |:R-;(_|Ak (A,-(TRk_IAk + Sk I S_ My

:Bkuk + (Ak + AkSk_|A,—(rRk_'Ak) (AER;IAk + Sk__ll) Sk_lmk_|

—

-

Y

—Bauy + Ay (1 + S A R A (1 + S AR A) T my

B prediction step: m, = Byuy + Aymy_
mean of p(xy) 7



Sketch of KF equations: continued
82£k(xk)

ox2
measurement update

p(xic) ~ p(ylx)P(x), P(Yi|xk) ~ N (¥i|Cixic, Qi) P(xk) ~ N (3 [T, Si)

= (Re+ ASA]) " =8, = plx) ~ N (mi. S, )

!
2

loss function: Ji(xx) = = (yk — Ckxk)—r Qk_' (v — Cexy) + ) (xx — ﬁk)T §k_| (X — 1)

i (xk)
8xk

0 (xx)

2
ox;

— — CT Q" (y — Cixi) + 8, (3 — ), = C/Q'C+S, =8

measurement step: my = my + SkC,—(er_l (e — Cmy)
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Sketch of KF equations: continued

Kalman gain:
K, =S,C; Q' = SiC/ Q"' (CSC/ + Q) (CSC + Qo)™
=S¢ (C{ Q' CSCY + Cl Q' Q) (CiSiC + Qi)™
=5, (CI Q7' CS.C] +8,'S.07 ) (CSCT +Q)”
=5, (C1Q;'C+5,") 507 (GS.CT + Q)™ =5 (CBCY + Q)
covariance update: (D+CAB)'=D'-D"'C(A'+BD"'C) ' BD"!
S, = (c,‘[Qk—'ck +S, ')_' — 5, — 5:C] (Qc+CiSCY) ' CS,
= [1 =80 (Q+ CSCY) ™' G S = (1 - KeCo) S
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KF: pr'ediction ahd measurement measurements effectively reduce

the variance, while the last
prediction eventually spreads out

N(mkf—la Sk—l)
Kalman Filter
N(my, Sy)
1ithout ’\
withou '
p(X) moasuremont/ \_.' ;rsclﬁlacl’z(i}gﬂ
e ~aifff-
By, Ry \
S k / broadening \_ k

old | new

estimation estimation

10 *

measurement



Example |:free falling (ID),_ .+ «_co0rs ,—s5me

positive direction e (3?“75) il (;?“75) LS (|0m2 5m2/52)

Xk = hk 40

T T

measured
estimated
. | 2 €30 = = ground truth
hk = hk_| -+ hk_|dt = igdt ;20
; Y 10
hy = h_, — gdt . | | |
0 0.5 1 1.5 2
t(s)
| dt —dt?/2 0~ . . .
Xk = 0 | Xk + d g Wl estimated
—dat -5 Bl = = ground truth |
—— —_— 2 s
A B E-101 |‘—>( a
> sloshing time
-15 ¢ e .
h.: measurement 5 | normal delca,ymg time |
0 0.5 1 1.5 2

yk=ka-|-nk,C=(I,O)€R'X2 1 £(s)



o]
h

Example 2: 2D random motion

20
001 0 00 X, ~15
dxi oo o0 | oo R w o
0000 0 1 X > 5 signal Xy

—— Kalman Filter

X, =Ax, | + (SIHWk, Yk = Cxy + ng, A =46tD+ |
m, =Am,_;, S, = AS,_ A" + R, K, = 5,C" (CS5,CT + Q)"
m, =my + Kk (yk — Cﬁk) y Sk = (l . KkC) gk

o measurement Yy

=5 0 5 10 15 20 25

x1 (meter)
_(1'000 _ T _ T 25
c=(o 1 0 o) RoElEmIEWT] QElmal] oy
30 d*x*/dt* = wA(t) 15 8
25 signal}?l 3 I %
gzo- ~—— Kalman Filter X, x* = dx /dt £10
?::13' x* = dx®/dt * s
20
2 . . . 0
Z KF prediction is delayed P :
=) S50 5 10 15 20 25

12 x1 (meter)



Error propagation

two errors:
€ =My — Xk = Ager_| — Wy
€ =1y — X, = (T — chk)ék + Kkllk

Eleo] = 0 — Ele ] =0

proof.  UNbiased estimator
E[e] = AcE[er 1] — E[wi] =0

Ele] = (I — KcC)E[e] + KiEn] =0

Oplimal slate estimate

iy

Measurement

Predicied state I .
estimate :
¥,

z,

E [éké;r] = gk, E [ekeﬂ = Sk

proof:
E [ee]] =F [(Aveit — wi) (Aveit —wi)|
=AkE [ek_|e,;r_,] A,-—(r - AkE [ek—lwlj—]
—E [wkekT_,] A,—(r + E [wkwkT]
ZSk_| + Rk = gk
E [exe, | =E [((l — KCoe + Kiny) (1 — K, Cpey + Kknk)T]
=(1 — K«Cy)E [ee, | (I — KiCi)'
+KiE [neeg | (1 — KiCi) " + KiE [men) | K
=(1 — KiCo)Si(l — KiCi) " + Ki QK
:£| — chk)§5 —£| — chk)gﬁ CEKE— -+ ]E(_t((.;zkl(;(r = Sk

Sk Si
13




Kalman gain revisited: physical meaning encoded

magnitude of the covariance of the error e K is unknown here!

_](Kk) = %tr (E [eke,;r]) , E [eke,-(r] = (l — chk)gk(l — Kka)T + KkaKE

error: e, = my — X

my = my + Ky (yx — Ciimy)

. OI(K <
0 — ) (K) = —(I — K,(C;()SkC,-(r + K Qx
0K,

= T = T Kalman gain is the optimal “trust

Ky = SiC, (Qx + CcSkCy ) coefficient” that determines how much
new data should correct your current

belief, based on their relative uncertainties

Ex.: discuss when the measurement is
very noisy or very accurate 14



*Nonleianr extension (linearization)

motion model: x, = f(x,_|, vk, Wy); observation model: y, = g(xx,ny), k=0~ K

P(y|xk) p(Xk[%Xk—1,Vi) P(Xk—1]X0,V1:k—1,Y0:k—1)
posterior belief = © x observation model g x /motion prediction f X  prior belief  xdx_
p(xk[%o0,v1:k,¥0:k) ~ — _
P(%k|X0,Vi:ksY0:k—1)
process noise
P(Wg)
input l predicted belief f(xk—| » Vo Wk) ~ Xk + Fiy (Xk—| - Xk—l)
vi— f(x,v,w) F—=p(xx|X0, Vi:ks Yo:r_1) + owy
| I~ ~
prior belief £ l posterior belief g(xk, l'lk) N Yt Gk(Xk o Xk) + 51’1;(
p(m-ﬂio,w:k—l,yn:k 1) = — ;ig)eitct p(Xk|Xo0, Vi:ks Your) —~ Y - — o
: Xk = f(xk—l, Vi, 0): Yk = g(xka 0)
measurement ~ ~
Yei— g(x,n) |—p(yilxi)— Wy ~ N(O, Rk), ng ~ N(O, Qk)
e extended Kalman filter (ETF) ~ . prior; ™ : posterior

measurement noise
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Example using ETF: simple pendulum

prediction:

Xk = (X1, Vi, 6)

St =F1SiFL, + Ry

Kalman gain:

S - I
Ky = S:Gy (GkSkGl-{r + Qk)

correction:

X = Xk + Ki (Yk — g(ik,

S = (T — Ky G)Sk

—

0)

)

acc = d*(Iy)/dt* = —gsiny + w(t)

/

nosie

—— x (ground truth)
—— X (ground truth)

¥ (with wy) *ﬁ*ﬁ*ff
Yoo X (with wy) N #
& x(ekf) *

X (ekf)

-0 0_5 1.0 1.5 2-0

O
' FT

—— ground truth

O

O

O
@)

—4 1 O with wy
+ ekf
R 0.5 1.0 15 20
time (s)
18
— x (ground truth) #*
154 — X (ground truth) %
x (with wy,)
12 ¥r X (withwy) *T:?
+  x(ekh %
9 4+ x(ekD) 1‘,}*
6
3
0
-3
80 0.5 1.0 1.5 2.0
time (s)

wi ~ N'(0.04,0.2)



Bias: nature of estimate problem (example)

w=w;, = |
problem: estimate w of f,(x) = e™™ 0.05 tr
. () — m=1
X*=x(|)=...=x(m)-y(")—f( )_'.E’) EJNN‘(OO-) é:
| ) éo.m-
= LV~ NOm B = e
: I y 0% 10° 10" 10” 10’
ML solution: W = — . Iny ;
pseudo-expectation:
Jensen’s inequality: 1 | m /ZE-W* - = [ m . —w 2]
Ew = —— ] _ T (y—
| W] x*\ 2wo? ) Js dy Ly exp 207 (r—e™)
EW — — —Ellny = —wx*
[w] X+ lny] (y=e™ +oy/x/m)
| . m[exp(—wx*)—6]% /o2 2, a2wx*
E—FmEMZW S I2 / ln(|—0x:1 )e—"/zx—'/zdx
* 4/ 7 Jo
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