Lecture 9

Bayesian Curve Fitting, Second Lesson on “Learning from Data”
Bao-Jun Cai, 4/29/2026

Topics of this lecture:
e high-dimensional Gaussian A? = (x — 1) %' (x — /I)

e correlation among random variables pxy, = cov|x,y|/o|x|oly]

» Bayesian inference, maximum likelihood posterio for w keihcod e oo
e biased estimate for variance E[6%,] = (1 —m~")o?  p(w|{data}) = p({dpa(t{aj&l:;)};))(w)
* variance reduction from data generation gcise ot S~

* model selection, Bayes factor o2 (x) = T/E BT (%)Smd(x)
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Review: first lesson on “learning from data”

First Lesson on “Learning from Data”, Parameter Estimate

Lecture 5

Bao-Jun Cai, 4/1/2026

Topics of this lecture:

parameter estimate for the learning model f(x) = ax ":i- b

parabolic loss function and its optimization J(7) = 27" [fy{x?") — y?]?
goodness of learning model: decomposition of bias, variance
penalty term, belief in data, avoidance of singularity | — J + Ag
normal equation ¢ dw = ¢y

stochastic gradient descent

Some basic concepts:
* learning model

* model parameter

error/loss function

bias+variance decomp.

normal equation

gradient descent

regularization



Mahalanobis distance:
A = (x — i) 57" (x — i)
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Importance of Gaussian: mixing

p(x) = 3 awi(7i, 5) - 2|
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Correlations between random variables,, _

correlation of fluctuations
_ A
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Decomposition of Gaussian A k. K =a. b

- — - - = icm
N(X’[J,Z), X = (Xaaxb)—rv W= (/’La:“b)—ra 2 = (i

ba

ML ML

ab . . . e S—
) , precision matrix: A = ¥~
bb

(1) conditional probability p(x4|xs) ~ N (fap, ia“,)
/v_‘:a|b — ﬁa + i‘cd:vz_jb_bl (Xb — ﬁb) = ﬁa + K;JI Kab (xb — ﬁb) 9 §a|b s Z—jcm — iabib_bl Z—jbu — K;JI
(2) edge distribution p(x,) = f b(%y, %) ~ N (Xel o, Sic)

(3) Bayes’ theorem:
known: p(x) = N (x|fi, A™"), p(y|x) = N(y|Ax +b,L™")
—p(y) ~N(Af+b|L™' + AA~'AT)

E[jClY] cov[x|y]

p(x|y) ~ N(r(ﬂ + ATLA)_I [ATL(y —b)+ A

/



Bayesian formula revisited —example: fi,(x) = } _ wx

j=0

POStEI’iOI" for w rll(k{ellhogs f;l|~ w_)\’fg% P(AlB) _ p(B|A)P(A)
. oy Y p({datay|w)p(w - B
Piwltdatal) = 770 Tdata) : e
evidence

p(H|{data})
p(H|{data})
p(H|{data})

p({data}) = f dwp({data}|w)p(w)
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p(H|{data}) ~ p({data}|H) ~ H'(l — H)"™ . " s
(under a uniform prior) (n+1)!
rl(n—r)!

p(H|{data})
p(H|{data})
p(H|{data})

|

p(Hp|data) = Ho/f dHp(H|data)
0

p(5/6|one head) = 5/3 < p(5/6|two heads) = 25/12 0-08 05 Lo 00 03 Lo 00 05 Lo




Maximum likelihood (ML)

. Do) 2 )
problem: estimate y, o Ex.: show that E[x"x¥] = y? + §o

P(X|ﬂ’7 02) — HN(XG)IM,OJ), X = (x(l),x(z)’ e ’X(m))T

const.
A

m r N\
I I

| i
In p(X|p, 0*) = ~5 3 Z(x() —p)?— imln o’ —imln(Z'zr)

This is the least-squares!

Ex.: Derive them! Does the
order of derivative matter?




p(x)

Maximum likelihood estimate is biased for sigma”*2
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output when input arrives

Maximum a posterior (MAP) iz w 5) = M(If®). 5"

likelihood for w and 8: p(y|X, w, 8) = [ [N (¥ |fu (x?), 87")

i=| least-squares (LS)
| < . | |

o Jw) ~ —Inp(y|X,w, B) ~ 25; [fw(x(r)) _ y(i)}2 B Emlnﬁ + imln(27r)
p(wla) = N(w]0,a~'1) = ()" exp (~SwTw)

posterior: p(w|X,y, a, 8) ~ p(y|X, w, B)p(w|c)

MAP: g Z [fw(x(j)) _ y(;)]z n %WTW

i=I

=l - -
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Prediction for an output

p(7I%,w)

ylx, X = [ b(ylx, w, B) p(w|X d IR
P X,y.0.0) = [ B w Ap(wIX y o B)dw [ e
p(w|X,y) =l
m(x) = 8" (X)S Y d(x)?, (%) = 7' + 9T (X)S$(x) b(x) = ¥
i=1
Example (coin-drawing) 08
binomial: @
| | 0.6 o
b(H|{data}) = f 46 5(HI9) p(6]{datal}) = f d00p(0|{data}) S . S—
0 0 0.4

. . Ny -+ I Mn
a E[el{data}] a n+ 2 0.2: — sample fraction
0: the success rate; ny: the number of successful trials

12 0 10 20 30 40 50 60 70 80 90 100
n



Bayesian linear curve ﬁtting

polynomlal

p(yX, w,8) = [ [V Ifw(x?) HN Ol w' Fx), 57!
i=1

p(w) ~ N(mo,So), p(wly) ~N(mpy,Sn) m
mp = Sp (S5'mo+ 587y , 8! = 85" + 587 . m

So=0a"'l, S, —al
m,, = Spu(Sy'mo + B8 y) = Spd 'y = (3'8)'dy K N
fonys(x) = —0.2 4- 0.5x

xO ~ Unif[—1, 1], y® ~ fonys (x?) + N (0,0.25)
fuomn (X) = wo + wix,a = 2.0, =4.0

1 3 Yo Yo



*Variance reduction from data generation 4, = x™")

Py Vly, e, ) = f pi ™ V™D, w, B)p(wly, o, B)dw = N (™ jmy g (x ™), o7 (7 1))

noise of
data sample
2(x)= T/B +§T(x)Snd(x)
uncert;nty of
learning parameter

ﬁSm$m+|q3:;1r+|Sm

Sm—I—I — Sm —

proof of o7 (x) < o (x):

I = B(B:nr+|sm$m—l—l
2 2

() o2 () — 7T ISnICII
" ! ﬁ_l T ¢;nr+|sm¢m+l

likelihood ~ N (y™+V|f, (x(m+1), B~') of data “m + 1”
exponential factor in posterior ~ (W — m,) ' S='(w — m,,) + By™) — wTg(xmth))2
S-!, =8+ BE™NET(x™ ), My = St (S My + BHMTD)ymD)

14 Ex.: prove it!




Model selection: conceptual introduction

model posterior: p(M,|{data}) ~ p(M,)p({data}| M)
p({data}| M,)
p({data}| M)

Bayes factor:

L
predictive distribution: p(y|x, {data}) = Zp(y|x, My, {data})p(M,|{data})
(=1

likelihood for w prior for w

marginal likelihood of model: p({data}|M,) = /dWB({d&t&}lW,ngfr)(Wlng

p(w|{data}, M,) = p({data}|w, M;)p(w|M,) B P({data}|W,M€)p(w|M£)

p({data}|M,) [ dwp({data}|w, Me)p(w|M,)

15




Balance between model and data

p({data}|M,) = /dwp({data}|w, Mp(W|M,) = p({data}|wmap, M;) X

model complexity
-

information from data r -~

1 h N d osterior
— Inp({data}|M,) =~ Inp({data}|wmap, M¢) +In (wp—t)

5wprior

OWposterior < OWprior: Mmodel can not be very complicated

1 p({data})

‘-'5 osterior
\ Inp({data}|M;) = Inp({data}|wyap, M) + nln ( Wposte

6Wprior

)

Wposterior

=

-
»

5wposterior
5Wprior

M,
W ” Which is better? J
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